
Paper presented during the Second Conference on Mathematical Sciences (CMS 2014), Department of Mathematics, 

University of Karachi, Karachi, Pakistan, March 20, 2014 (Thursday, March 20, 2014; 1300h-1310h, Computer 

Laboratory, Room 336, Dept. of Mathematics), Technical Session CMS14-III, Abstract#CMS14-09, p 3  
 

 

  

Keywords: Constants of motion • Elliptic-astrodynamical-coördinate mesh • Equation of motion • 

Hyperbolic orbits  
 

Conflict of Interest Statement: No potential conflict of interest is identified for this work 
 

Web address of this document: https://www.ngds-ku.org/Presentations/Hyperbolic.pdf 
─────────────────────── 

¶
PhD; MA (Astrophysics), Johns Hopkins, Baltimore, United States; MS (Gravitation Physics), Indiana, 

Bloomington, United States; Former Senior Scientific Officer, Control-Systems Laboratories and Consultant, 

Guidance, Navigation and Control Laboratories, both at SUPARCO (Plant), Pakistan Space and Upper 

Atmosphere Research Commission, Karachi; Visiting Faculty, Department of Aeronautics and Astronautics, 

Institute of Space Technology, Islamabad; Interdepartmental Faculty, Institute of Space and Planetary 

Astrophysics (ISPA) and Head, Astromathematics Group, University of Karachi • paper mail: Professor and 

Chairman, Department of Mathematics, University of Karachi, PO Box 8423, Karachi 75270, Sindh, Pakistan 

• telephone: +92 21 9926 1300-15 ext. 2293 • homepage: https://www.ngds-ku.org/kamal  
 

 

 

Two-Body Problem in the Hyperbolic-Astrodynamical-Coördinate Mesh 
 

 Syed Arif Kamal¶     and Sabahat Latif 
Department of Mathematics, University of Karachi, Karachi 75270, Pakistan; profdrakamal@gmail.com 

 

The plane-polar coördinates, not being the natural choice for setting up two-body problem, leads to 

introduction of the elliptic-astrodynamical-coördinate mesh formulated to represent orbital problems 

involving 2 bodies. The original problem consisting of (6+6) degrees-of-freedom (3 translational + 3 rotational 

for each of the two bodies) is reduced to 3 by neglecting body structures and writing the equations of motion 

in the center-of-mass frame-of-reference (which is inertial in the absence of external forces). Absence of 

external torques ensures conservation of angular momentum, having both magnitude and direction (a vector 

quantity). Orbits are located in a plane, as angular-momentum vector (fixed in space) is, always, normal to 

orbital plane. This makes the problem 2 dimensional. Elliptic-astrodynamical-coördinate mesh is the 

underlying structure to write the orbital equation of motion. This makes the formulation one degree-of-

freedom problem. The equation of motion is shown to have Kepler’s equation as a particular solution. The 

orbits of the two-body problems are ellipses, when the system is bound and the total energy of the system is 

negative. The system is free when the total energy either vanishes (parabolic orbit) or is positive (hyperbolic 

orbit). Example of the later is alpha-particle scattering, which led to the discovery of nucleus (Rutherford 

scattering), where the orbit of alpha particle is hyperbola. Mathematical modeling of two-body problem, 

resulting in hyperbolic orbits, becomes simpler when the authors use hyperbolic-astrodynamical-coördinate 

mesh (, H, z) —  is hyperbolic-shape coördinate, 1tanh
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 m and M are masses of lighter and heavier bodies of 

the pair, respectively and G was the universal gravitational constant. The canonical momenta are computed as 
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Hamiltonian of this system is expressed as 
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. This formulation has 3 constants of motion (instead of 

the customary 2, which are characteristic of plane-polar-coördinate formulation found in text books), namely, 

hyperbolic-shape coördinate, , canonical momentum corresponding to hyperbolic-shape coördinate, p, and 

energy, E (the coördinate transformations do not depend on time, hence the hamiltonian function represents 

energy of the system; no explicit dependence on time, t, conserved the energy). This formulation might find 

use in Airspacecraft of the Third Millennium, where choice of the hyperbolic orbits, instead of the elliptical 

orbits, could reduce travel time between two cities, say, Karachi and New York, significantly. 
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