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ABSTRACT

Wright and Xydd have developed a linear model of global
electrocortical activity and its contrel by lateral hypo-
thalamus. Their model rests on drastic simplifications and
bypasses issues of cell-to-cell coupling, detalls of anatomy
et.c. Moreover, it does not take into account of the magnetic
fields which are generated when there iz a wmotion of charges.
In the covariant description the equations for the time
variation or potentials of segments of dendritic trees are
written in the conoving frames of the signals. When these
equations are transformed int.o the laboratory frame a. magnetic
vector potential appears along with t.h= electrostatic
potential. This model, therefore, offers a possible expla-
nation of magnetoencephalogram (MEG). Essential theoretical

features of this covariant model may be summariz.d as:

(a> Electrocortical recordings reflect the transformed spatial
average of cortical potentials.

{(b> The tslencephalon 1s assumed tc¢ be a llnear wave medium
with regard to the gross wave potentials although the under-
lying microscopic Interactions may be extremely non-Hrnear.

(c> Closed and constant. boundary conditions lead the lnear
waves Lo generate activity at a ‘arge number of resonant
modes, each associated with a constant natural frequency.

(d> The values for the natural modes of the resonant frequen-
cies are ciustered about certain central values <(Cramer’s
Central Limit Theorem),

Cv>



ABSTRACT <(CGONTD.>
(a) Ascending inhibitory systems act partly to damp resonant
activity and partly as a source of noise like driving signals.
(f> An ealectrical potential in a comoving frame of the signal

transforms as four-potentlal in the laboratory frame.

The group structure of this model is also explored. By block
diagonalization a nonsingular matrix is constructed from the
state transition matrix. This matrix  forms a group whose
identity corresponds to the physilological state commonly known
as brain death. Further, the effects of weak magnetic fields
on this covariant model are considered. A method to calculate
the ratio of components of signal velocities is proposed and a
gauge transformation is suggested for the electrical poten-
Lial. In the presence of weak magnetic rield frequenciaes are
modified, buat damping coefficients and coupllng constants
remain esscentially unchanged. A generalizaed coupling is
suggested in which potentials are also effected by rate of
change of neighboring potentials. In the presence of weak mag-
netic fields the effect of generalized coupling on the
frequencies is calculated. In the end use of moiré fringe

topography for the study of neurclogical disorders is

discussed.
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HOTATION

Greek indices a, 2, r, é¢ and so on generally run over the
four space-time inertial coordinate labels 0, 1, 2, 3 or

t, X, ¥, Z.
Repeated Greek indices are summed unless otherwise indica-

ted.
Repeated Latin indices are not sunmed.

‘The metric guu in an inertial coordinate sgsystem has

elementa B _ = -1, gu = 6U; t,) =1,2,3.

A dot over any quantity denotes the time derivative of
that gquantity.

Cartesian three-vectors are indicated by boldface type.
Four-vectors are indicated by underlining them.

The speed of light is taken to be unity except when c.g.s.
units are indicated.

Second-rank tensors are indicated by double underlining.
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CHAPTER ©ONE

PHYSIOLOGY OF THE BRAIN



1.1 INTRODUCTION

Brain is the most fascinating part of the human body. All
our actions are related tc the working of our ©brains. An
understanding of the brain should provide an insight into many
mysteries of human natutre. Brain thenry is developing into a
central focus among many disciplines. The functioning of the
brain has long been prominent among topics of interest to
biologiste and physicists allke (Siddiqui, Kamal and £Khan
1988). Yet the task seems so difficult because quantitative
data about the nervous system are much more sparse than is
desirable and it seems a major difficulty for attempts to
build mathema:ical models of brain funetion. PBrain is an
extremely comp>lex structure containing something of the order
of 10'° - 10" nerve cells with perhaps 10*? inter-

connectione (Griffith 1971).

With all these difficulties present mathematical models of
brain have been constructed and applied to study various
physiological states. Technigques from physlce, mathematics and
statistice have been employed to be able to try to understand
this famcinating gray mass everyone carries in one’s head. The
amazing -computing and synthesizing power of brain has led
scientists to think about powerful computing machines which
employ parallel processing instead of serial processing. In
the coming years neuroscience, therefore, would influence

man’'s llifestyle in many ways.



1.2 THE HUMAN BRAIN

The humen brain. is a large, bilaterally symmetr'cal,
wrinkled orrran (Fig. 1). The outer sgsurface, called certex,
contains a large number of brain cells and the processes <that
connect on= neuron to others. The brain cells are called
neurons. Toward the rear of the brain the cerebellum can be
found under the cortex. The cerebellum is a highly wrinkled
tissue concerned mainly with the coordination of commands to
the muscles (Teyler 1977). The major difference between the
human brain and the brain of other mammals is in the number of
neurons they possess and the interconnections among these
neurons. Underlying the convoluted layer of cortical neurons
are tracts of fibrous processes, called axens, that extend
from and carry messages from cortical neurons to other neurons
and vice versa. The lengthy axonal processes are often covered
with a specialized 1insulating sheath, termed the mvelin
sheath, nof fatty tissue which appears white. This insulating
sheath is responsible for 1insulating cne axon from its

immediate surroundings.

1.3 REGIONS OF THE CORTICAL SURFACE

Generally each hemisphere of the cortex is divided into
four lobes (Fig. 1)-

Ca> Frontal lobe -

The frontal lobe contalns motor areas for all of the
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Fig. 1: The surfcce of the left hemisphere

of the humar. brain.
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skeletal muscles in the body. Cells in these zones
send axons to neurons in other parts of the brain as
well as long exons to neurons in the =pinal cord
which, in turn, send axons directly to muscles.
C(bh) Parietal lcbe
These are bodily sense aroas receiving axon projec-—
tions from subcortical areas whose function is to pro-
cess and pass on body sense information gained from
receptora located in the skin, Joints, and other
tissue,
(c) Temporal lcobe
These are auditory sense areas receiving information
indirectly from the cochlea (a complex, coiled struc-
ture containing the sensory receptors for sound and
located in the inner portion of the ear) of the ear.
hese are multiple auditory analyzers in the terporal
lohe.
C(d> Ocripital lobe
These are cortical sensory analyzers for information
from the retina of the eye.
All lobes, in human being, may be divided into (i} zonea that
are either sensory or meotor, and (ii) zones that are termed
associattional ., The sensory zones are areas for body sensation
such as feeling of warmth or cold, tickling etc. The motor
zones are regions dealing with contrsl of muscular contrac-

tions. Neurons in the sensory zones receive information from

aensory organs and further process this information; whereas



axons influence the neurons in the motor area to produce

movement. .

The assodiation zones function neither as sensory ana-
lyzers nor motor programmera. Very little is krown about the
precise functions of the association zones. They are involved
with the understanding of language or the perception of
complex sensory informatlon. The increase in cognitive abili-
ties across specles nicely parallels the expansion of the
assoclation cortex. It ls vorobably the association cortex that

separates us from our fellow nonhuman ecreatures.

The midbrain, located in the middle cof the brain, is made
up of the reticular formation and the hypothaluamus (Fig. 2).
The reticular formation is a diffuse siructure running up
through the base of thke braein and ending in the midbrain
(Fig. 3). lLocated at the center of the forebrain [the highest
and most prominent portlon of the brain which has undergone
the greatest ovolutlonary expansion of any nervous system
region) there 18 a large structure, called thalamus, which is
composed nf many different collecticons of neurons. Thalamus
rlaya an important role in relaying sensory. motor, and limbic
informatior to the cerebral cortex and basal ganglia (cf.
Fig. 2). Hypothalamus is a complex structure located at the
base of the forebrain, immediately below the thalamus. It is
composed of many different collections of neurons aad is in
direct contact with pituitary gland via neural and vascular
connectiona. The hypothalamus is involved in modulating such

basic behaviors as eating, drinking, sleeping, sexual acti-



vity, aggression as well as controlling body temperature and

harmone secretions.
1.4 THE NEURON

The basic unit of the brain is neuron. Neurone come in a
variety of shapes and sizes, some are with one or two
processes extending from the cell body, others can have many
branchings (Fig. 4). A neuron is like other cells in that it
posses a cell membrane enclosing cytoplasm. Neurons have cell
nucleus and the necessary metabolic machinery. They are
specialized for the integration and transmission of informa-
tion. The short branching processes extending from the cell
body are dendrites. Dendrites receive information from other
cella. The long process is the axon. The synapse refers to the
region of communication between two neurona. The axon of one
neuron doee not touch the dendrite of the other. Instead,

there is a gap - the synaptic gap - between them.

The entire surface of the cell is bounded by a membrane
and the interior of the cell is negative with respect to the
exterior. Cell membrane is selectively permeable to ions, the
most important cf which are Na®, K° and C1°. The _potential
difference is given by Nernst aequation, in terms of relative

concentrations C and C {Hodgkin 1965), as

exlerior inleriol

(1.1) ¥ = = (RT/F) log (C /C

exterior interior
where R is the universal gas constant, T the absoclute tempera-

ture and F the Faraday Capacitance. There is less sodium and
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cytoplasm.

Dendrites

Schwann cell Node of Ranvier

Fig. 4a: Elementary structure of the neuron

10



Axon

Myelin Sheath

Package of Chemical
Transmitter

Hi tochondrion
Synapse —
Axon terminal

Keceptors

Dendiritie projection

Fig. 4b: The synapse

11



TRANSMEMBRANE
CHARGE

Maasura voitage between
Inglda-and outside of neurnn

CELL
NSIDE

!
B o -

- — il

il SODIUM (Na)*

POTASSIYM (K)*

R

Inside negative

Flg. 4c: Features of the resting neurcon

te



more potassium inside than the expected value. This disequili-
brium defines a steady state (a steady state 13 defined as a
atate in wnich the probability of occupation in different
levela ie nct equal, but does not change with time), called
the resting state of the neruve cell,. The potential difference
corresponding to his state ¥ = - 70 mV 1s called the resting
potential . According to Hodgkin and Huxley (1932), the total

current inteo the cell is given by

(1.2) $ =@ (aV/8t) + gNu("V - "VNG) + gK("P‘ - ‘YK)
where % is the membrane potential, Era and = are

conductivities for Na' and K* and ® is +he capacity of the

membrane. In resting state ¢ = &F/9t = 0 and so

(1.3) V= (8, Ve * BT )/ (B + B

Na Na
The above e=quation ghowa that = and g, are themzelves
dependent upon the potential difference ¥. A threshold value
WB (~60 mV to -50 mV) existe in normal circumstances, above
which the mutual interdependence of Ena and ¥ leads to
increase of Eya relative to g, - The conductivity of ﬁbtassium.
By increases also but more slowly. Ultimately Ey agaln exceeds

o rvlling ¥ back to its resting value. The observed poten-

tial changes are called action pctential. Let the axon be
arbit- rarily split up into a B8equence of patches having
resistance r between them. When Bya is increased in one patch
8o that ¥ across it rises from the resting vaiue, e  current
flows through the next batch and depoliarizea it so that the

action potential moves from one patch to another down the

1z
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axon. This 4is the method of propagation of the action

potentlial dlong axone and the dendrites.

When an a:zxtion poéential has passed down an axon and
reached a dgynapse, it normally stops there and does not jump
immediately acrose to other neuron. It stimulates the release
of a neurotransmitter, acetylcholine (ACh). It diffuses across
the synaptic gap and alters the conductancea of Na' and K‘.
which in turn alter 9. Immediately after the generation of the
new signal the ACh molecules are inactivated by the enzyme,
Acholinesterase, hence the potential change due to an impulse

arriving at a synapse does not persist indefinitely, but

decays exponentially towarde the resting potential.

1.5 ELECTRICAL ACTIVITY OF THE BRAIN

The constant flow of electrical signals along the nerve
fibers suggest that some electrical activity might be observa-
able in the brain (Elul 1972). The measurement of the brain
activity is a limiting factor 1in our understanding of its
functions. Thie is due to the limitatione of the procedure and
the intrusive effects of the recording device on the normal
operstion of the brain. Electrical activity can be recorded by
simply attaching electrodes directly to the scalp. The
recording called an electroencephalogram or EEG, must be made
with proper electrical filtering in order to avoid confusing
the record of the electrical signals of the brain with signals

produced by muscle movement etc. (Fig. 5). The neurons ar~

5
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Fig. 5b: General forms of EEG
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synchronéously active, thve resultant record c=hows rhythmic
values of various frequencies. This 18 called =spontanecus
activity and is usually marked by the presence of a dominant
frequency which can be used to characterize the EEG pattern
(Nunez 1981). All EEG phenemena have a temporal behavior that
lies in one of the following categories:

a. Non periodic (e.g. occasional spikes, random noise)

b. Nonsinhusoidal and periodic (e.g. spike and wave, ECG)

¢. Sinusoidal (e.g. alpha rhythm, sleep delta, sleep spindlea)
We do not, however, xpect any EEG to be purely sinusoidal. The
alpha rhythm (8-13 cps) typically coneists of a continuous

spread of frequenclea over a failrly narrow band. Most theta
(4-8 cps) and beta (above 13 cps) activity norrally seen in
EEG contains a brad range of frequencies, so these rhythms are
not normally sinusoidal. An important aspect of EEG is its
close correlation with cognition and béhavior (Gevins,

Zeillin, Yingling, Schaffer, Callaway, Yeager 1979).

The fact that the brain produces electrical currents in
the conductive tissue implies that magnetic fields are set up.
Thesa magnetic fields are extremely weak (on the order of 107°
gause). Magnetosncephalography (MEG), ineasurement of the
extracranial magnetic flelds produced by electrical currents
within the brain, requires the use of a superconducting quan-

tun interference device (SQUID) in a magnetically shielded

room (Rose, Smiith, Sato 1987).

18



1.6 ELECTROCORTICAL ACTIVITY

If cortical celld are viewed as information processing
networks, then electrocortical waves might be viewed as stat-
istical shifts in average local depolarization. Determination
of the laws of inotion of these waves and their internal mech-
anisms of rontrols is a step towards an understarding of the
brain. A major difficulty arises because of the complexity and
the nonlinearity of the neural interactions (Cowan 1974). The
gross electrocortical waves may, however, be represented as
linear right, Kydd 1984). In the following chaptera we are

going to present a covariant model of global electrocortical

activity.
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CHAPTER TMWO

BRAIN WAVES AS RESONANCE



2.1 THE PHENOMENON OF STANDING WAVES

When two sinusoidal waves of the same wavelength and
amplitude are traveling in the opposite directions, they

superpose and produce standing waves (Halliday, Re:nick 1988).

Conaider two transveree sinusoidal waves in the xy-plane.
One of them is traveling in the positive x-direction and the

other in the negative x-direction. They are rapresented as

(2.1&) y‘(x,t)

v sin (Jfx - mzj

(2.2b) y_(x,t) =y s8in (kx + wt)

y_ 1= tha amplitude, ® and @ are the wavenumber and angular
frequency raspectively.. No phase constants are introduced
because it means nothing to speak of a phase difference
between waves that travel in opposite directions. The princi-

ple of superposition gives, for the combined wave

yix,t) =y (x,) +y (x,t)
Ueing ain a + gin & = 2 sin ;(a + 3) cos gfa - 1), we have
(2.2) v(x,t) = [ Zym 8in k< ] cos wt

Thie equation is not of the form of a traveling wave. It, in

fact, describes a standing wave. The absolute wvalue of
quantity in square brackets of eq. (2.2) is the amplitude of

oscillation of the string element located at position x,

In a traveling sinusoidal wave, the oscillation amplitude
is the msame for all string elements, regardless of their

location. However, that is not the case for a standing wave in

ct



which there are certain values of x for which the amplitude is
zero. These are called ncdes. There are also values of x for
which the amplitude of vibration has its maximum value, that
is, 2y _. These are called antinodes. From eq. (2.2), we can

write the conditions for nodes and antinocaes as

(2.38) x n A/2 {nodes)

(2.3b) x = (n + gy A2 (antinodes)

where n = 0,1,2,3,....

We can set up standing waves 1in a system at certain
specified frequencies. We say that the system resonates at

theae frequencies.

Consider a string of length L clamped at each end. Because
the ends of the string cannot move, a node of the sanding
wave patternh must exist at each end of the string. The length
of the string muset, then, be an integral muléiple of a

half-wavelength or L = n(A/2). The allowed wavelengtha are

(2.4a) A = 2L/n
where n = 1,2,3...... The allowed frequencileus are
(2.4b) v = y/A = n{v/2L)

Only if the stretched string is wigglad at one of the
frequencies given by eq. (2.4b) will a pattern of standing

waves develop.

If the string is wiggled at a frequency not given by eq.

(2.4b), it will not be possible to transfer energy efficiently

from the external wiggling asgent to the string. For some time

ee



intervaln, the external agent will do work on the string; at
other intearvals the string will do work on the ~vibrator. At
resonance the energy flow is entirely from the vibrator to the
string. The amplitude of wvibration builds wup until the
vibrating string loses energy by friction like lossea just as

fagt as it receives energy from the vibrator.

The oecillation frequency of a stretched etring is quan-
tized because the string ie not infinitely long and thue has
two enda. Each end should be a node if the string is fixed at
the two ends. An infinitely long string (no enda) could indeed

support a standing wave pattern at any frequency.

All oscillating systems that are localized in space osci-
llate only at discrete frequencies. Raquiring that wave vaniceh
at the boundaries of the system leads to frequency quanti-

zation.

A stretched string has many resonant frequencies whereas a
mass-epring system has only cne. The reason is that, ir the
mass-gprring system, the inertia of the system is concentrated
into one system element (the mass)}) and the elasticity into
another (the spring). On the contrary, in a stretched string
the inertia and the elasticity are spread uniformly throughout
the asyatem, every element of the string having some of each.
In the first case, there 18 only one possible mechanical
arrangement that permits energy to flow back and forth from
kinetic to potential forms as the aystem osecillates. In the
sacond case, there are many such arrangements, each with its

own resonhant frequency.



2.2 STANDIMG WAVES IN PHYSICAL SYSTEMS

The phenomenon of resonance is common to all oscillating
systems. The discrete freqﬁencies of the standing waves in
guitar string (one-dimensional system), tha many oscillation
modes of a kettledrum (two-dimensional system), the stationary
stateg in whilch atoms may exist (three-dimensional oscillation
modes of the matter waves that represent the atomic electrons)

are all sxamcles of systems that are localized in space.

The pheromenon of standing waves was wused by Planck to
arrive at the correct sxpression of energy density of black-
body radiation. Consider a photon of frequency v propagating
in a direction n inside a box. The wavevector of the photon is
k = (2r/A)n = (2nv/c)n. If each dimension of the box L, Ly'
and Lz is much larger than a wavelength, then the photon can
be represented by some sort of standing wave in the box
(Rybicki, Lightman 1979). The numher of nodes in the wave in
each direction x, y, 2 is no= k;Lx/Zn, since there |i=m one
node for each integral number of wavelengths in given ortho-
gonal directiona. When the number of nodes in a given
direction changes by one or more, the wave can be said to have
changed states in a distinguishable manner. If n 2 1, we can

write the number of node changes in a wave number interval as
[ j—
(2.5) Anx = I_,t Akn/2n

The number of states in the three-dimensional wave vector

element d k = Ak AN AR is

o4



(2.8) AN = An An An = LxLydeah/(Zn)a

Since LxLyLz = V¥, theg volume of the box, we note that the
number of states per unit volume per unit three-dimensional
wave number is 2/(2ﬂ)3. The factor 2 appears because photons
have two independent polarizations (two states per unit wave

vector k). Using the expression
Pk = Kidkdn = (2rn)vidvda/ct

we find the density of states (tne number of states per unit

solid angle, dQ?, per unit volume per unit frequency) to be

(2.7) o, = 2%/c°

To fihd the average energy of each state, we note that each
state may contain n photons of energy hv, where n = 0,1,2,...
Thus the energy may be Eh = nhv. according to statistical
mechanics, the probability of a state of energy En is propor-
tional to oxp(-ﬂEn) where 2 = 1/RT and k = Boltzmann's

constant. The aversage energy may, therefore, be written as

@ - pE
LE e "
n=0 n
(2.8) <E> =
@® - E
r e
n=0

Summation of the geometric series gives

hy
(2-9) <E> =

expChv kT> - 1

Since hv is the energy of one photon of frequency v, eq. (2.9)

saya that the average number of photons of frequercy v is

25



given by

(2.10) n = [ exp(hu/kT) - 1 1"

v

where n, is the occupation number. The energy per unit sclid
angle per unit volume per unit frequency is the product of <E>
and the denaity of states giver in eq. (2.7). Therefore, the

energy density of blackbody radiation is

ore? /o

(2.11) u,(0) =
exoChyskT> - 1

Thie is Planck's law of blackbody radiation.

The standing wave concept is also helpful ¢to explain why
the angular momentum is quantized in Bohr atom. Consider the
vibrations of a wire loop. If the circumference of the loop of
wire is an integral multiple of A, the wavelength fits 1intoe
the loop’s circumference, each wave joining smoothly with the
next. If this condition is not satisfied, the vibrations will
die out rapidly. By treating the behavior of electron waves in
the hydrogen atom similar to the vibrations »nf a wire loop, we
can explain why the eiectron is stable in certain orbits. If
the circumference of the orbit is an integral multiple of A,

standing waves are set up and maintained indefinitely i.e.

(2.12) 2ar = nm; n = 1,2,3

Putting X = h/mv (De Broglie s expression) we get 2rr = rnh/mv,

which gives
(2.13) _ mvr = n h/2n

which is Bohr s angular momentum quantization condition.

6



Standing wave concept is also belnz used in superstring
models (Schwarz 1986) which are possible candidates for a
&

unified theory of all forces of nature.

2.3 ELECTROENCEPHALOGRAM AS A SYSTEM OF STANDING WAVES

The brain is a spatially localized system. We, therefore,
expect the existernce ocf aome discrete frequencies whose
superposition may be recorded as eleciroencephalcgram (ZEG).
Nunez (1981) has desecribed a model treating brain waves as

resonance. The model 1is based on the following assumptions:

{t) There is a natural frequency of the system which 1is a
runction of the circumference of the cortical pathway.

(i) The voltage in the dendritic tree behaves as damped
harmonic oscillator. The damping present in the system
produces nonlinearity.

(i{tf) Only thoae frequencies of (i{Y{) are observed which
match with (i),

(tv) The superposition of all the freguencieas of (ii{t{) is
the EEG. It is assumed that the system is underdamped and
hence the nonlinearity produced is small making it possible to
apbly the superposition principle.

(v) When brain is in a certain rhythm, mcest of the osci-
llators oscillate with a characteristic frequency

wrhylhm
{Cramer“a Central Limit Theorem). The variance is finite and

¢
%, « 1.

In the one-dimensional, homogeneous picture, the wave-—
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numbers are restricted to Lhe discrece values k = 2nn/L; n =
1,2,3,.... where L is the circunference of the cortical
pathway. The requireﬁent that both the potential and its first
derivative be continuous limits k_ differently than in the
case of a stretched string with its ends fixed. For example,
in the case of waves traveling along the midline, around the
frontal pole, inside the temporal pole, and back around the
occipital pole, direct measurement yilelds a circumference of
45 cm. In order to account for infolding of the cortical
surface, this figure must be multiplied by a fqactor of 2.2,
so that this estimate ylelds
L ~ 100 cm, k, = 0.06 cm

This value of the wavenumber k lies approximately at the lower
end of the range of the measured midline wavenumﬁer spectrum

of the alpha rhythm (Nunez 1974; Nunez, Allen, Bickford 1878).

The model explains rhythms and freguency relationships.
Simulation may predict statistical weight, frequency distri-
bution and statistics of the system (8iddiqui, Kamal, Khan
1988).
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CHAPTER THREE

MATHEMATICAL PRELIMINARIES



3.1 TRANSFORMATIONS

Transformations éan be classified into the following three

types.
Coordinate Transformations

These are transformations which transform the coordinates
from one frame of reference to another. For example, Lorentz

traneformations, aimilarity transformations.

Canonical Transformations

These are transformations which leave the area in phase

space Iinvariant. In other words

{(3.1) n P, dqt =M P.l in

i i -
where P, ia the pgeneralized momentuun corresponding to the
coordinate q . The symbol [] denotes product over all possible

values of ¢, Canonical transformations are useful in quantum

field theory.
Gauge Transformations

Gauge transformations are used for electroztatic potential
and magnetic vector potential to decouple the wave equation.
Commonly used gauges are Coulomb and Lorentz gauges. Consider

the definitions of electric and magnetic vector potentials.
(3.2) E = - Vp; B =¥ x A

The potentials ¥ and A are not uniquely determined by the
conditlone imposed above. For example, 1f we add the gdradient

of an arbitrary scalar function w to A, the magnetic field B
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will remain unchanged.

(3.3a) A — A 4+ Vy, B — B

.

The eloctric field E will not change if we change » by*

1 % )
(3.3b) ¢ — P -z, E — E
at

These altsrations of A and ¢ are called gauge transformztions

(Rybicki, Lightman 1979). When we choose w to satisfy the

Lorentz condition
{(3.4a) V.A + % — =0

the corresponding geauge is called the Lerentz gauge. Another

choice i3 to choose v such that
{(3.4b) V.A =0

The transformation corresponding to Eq. (3.4b) is called the

Coulomb gauge .

The laws of nature are invariant with respect to theae
three groupe of tranaformatione. These three groups of
transformatione taken together, when confirmed by experiment

become the laws of physics.

3.2 LORENTZ TRANSFORMATIONS

The s8pecial theory of relativity is based or two postu-

lates:

(a) Space time is homogeneous and space is isotropilc.

- :

Maxwell s eguations are written in Gauassian system. For
details of conversion of electromagnetic quantities to SI
syatem, refer to (Bukharil, Kamal 1987)
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(b) Prinriple of relativity: Physical laws of mechanics and
electromagnetism are required to be covariant when passing
from an inertiai frame to another frame in rectilinear,

uniform relative motion.

From the above postulates linearity of tctransiormations and

the existence of an invariant squared speed may be deduced.

(3.5) e’ = invariant guantity

The invariant speed ¢ is real, and actually is the apeed of

light.

The Principle of Special Relativity states that the laws
of nature ar-e invariant under a particular group of gpace-time
coordinate transformations, called Lorentz transformations,
Newton's laws of motion are invariant under the Galilean
coordinate transformations, but Marwell 's equations are not

(Weinberg 1972).

To write down the Lorentz trarsformations we need to

develop some mcothematics.

Matrices on r*

Let Sor O O, O, be an orthonormal basis in Fuclidean

four epace R*. Relative to this basis the position vector x of
an event (ct,x) Iln space time le written as

(3.6) X = x'ue'u = x e, +x.e (summed over v = 0,1,2,3)

The physical coordinates are the ordered quadruple

(3.7) M= (x%,x',x%,x") = (x°,%) = (ct,x) = (t,x)

In the subeequent discussion ¢ is taken as unity. One must be
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careful not to confuse the vectors with their coordinates ever

though this is frequently done in the physics literature.

Definition ‘

A metric g on R* is a real-valued, symmetric bilianear form on

R* x R* which is non-degenerate.

If g:R‘ x R* — R with g:{x,¥y) — g{(x,¥) then we require in

the definition the following:

(1) g(x,y) € R for each pair x,y € R*

(1) e(x,¥) = g(¥,x) [symmetry]

(i11) glex+by,z) = a g(x,z) + b g(¥,z), ¥ a,b € R; x,v,z < R*
(bilinearity when combined with (ii)]

(iv) g(x,¥y) =0, Yy eR' ax =0

A 8pecial camse 18 the flat metric or Minkowski metric,
applicable 1n speclal relativity. In terms of four vectors x

and vy it takes the form*

(3.8) g(x,¥) = x.y - xy

The Lorertz product of two four-vectors is given by
(3.9) x.¥ = - g(x,x) = X'y - x.y

Relative to the standard basis the components of the matrix

for g may be written as

(3.10) Boo = -1, 8, =6

o0

T t,7 = 1,2,3

where 6Lj is the kronecker delta defined by
& =1 if i =y
iy
= 0 otherwise

TIn this work east-coast metric ia used (cf. Weinberg 1972).
For the west-coast metric g{x,y) = xoyo - X.¥.
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Definition

. 4 o,
A Lorentz transformation on R is any 4 x 4 real matrix X =

(%51 such that (xx)® = A% satisfies gOx,Ay) = g(x,¥).

The set of matrices A which are Lorentz transformations
fcrm a group with respect to matrix multiplication, called the

Lorenta group and denoted by 2.

3.3 FOUR-YECTORS

A four-vector has transformation properties that are iden-
tical to the transformation of coordinates of events (Rybicki,

Lightman 1979)

(3.11) x' % = A%

Once it ls established that a certain quantity is a four-
vector, its transformation properties are fully defined. Most
physical quantitieas can be related to four-vectors or to
their generallzation - the tensors. It is easy to construct
invariants from vectors and tensora. In thlis way a physical

result can often be obhtained without using the Lorentz trans-

formation at all.

The definition of Lorentz transformation suggests that the
aquared magnitude of a four-vector

(3.12) X% = - g(%,%) = (x°)% - x.x

i1s an invar .ant. The lnvariance of x.x also gives a condition
on the coef icients Raﬁ that yields the most general kind of

Lorentz transformations. In matrix fnrm this can be written as
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(3.13) g =2 gx

*

where AT ie the transpose matrix of A. Taking determinants of
this yvields the result that det A = * 1. We restrict curselves

to proper lorentz transformations, for which
{3.14a) det X = + 1

We also assume isechreonous Lorentz transformations, for which

o
{3.14b) Aozl

One convenient choice that satiafies Eq. (3.13) is

i ’ ~ 2 o _ L.
{3.15) kd = 6” + \.‘vj(r 1)y/v, A TV L= 1,2,3

where » = (1 - v:) 72

t

Let us conatruct a matrix A from A such that

{3.16) A=zghepg
It can be easily verified that
(3.17) AA =1 = XA

and so A is the inverse of A.

For s&ny general four-vector A the transformation of comp-
onents between any two frames ias given by the tranaformation

law (3.11) i.e.
(3.18) A% =A% a”

The zeroeth component of any four-vector A ia called the time—
component Ao, while the firat, second, and third form an

ordinary three-vector A, called the space—-components.
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3.4 SIMILARITY TRANSFORMATIONS

A similarity tranasformation takes an element of a group to
another element in the same class. Under a similarity trans-
formation S, a vector x and a matrix M transform as

(3.198) X' = S x

-1

{3.18b) M’

SMsS

A similarity transformation (f) leaves the trace c¢f a matrix
invariant, and (ft) does not change the eigenvalues of a

matrix (proofs are given 1n appendix A).

Let us use Lorentz transformation A to transform the four-

potential
a=1{"
A.
and a 4 x 4 matrix g. Since AT 2N = gaXx g (cf. 3.16), we
have
(3.20a) A" = XN A
(3.20b) g = A g

3.5 TENSORS AND DETERMINANTS

Tensore are quantities.which transform according to cer-
tain transformation laws. Based on Lorentz trensformations we
may define tensors of various ranxs. A zeroeth-rank tensor is
a Lorentz invariant or Lorentz scalar. A contravariant first-
rank tensor is a four-vector. A covariant first-rark tensor ig

defined by
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(3.21) x'u = h“ X,
where

Sv o T ou
(3.22) Xu = Myr A o N

The coeffirients nay are numerically equal to the coefficilents
nou‘ Note that Eq. (3.22) is the tensorial form of (3.18). The
contravariant components of a second-rank tensor T are givan

by
(3.23) LR Gl L,

A covariant second-rank tensor may be formed by lowering the

indices with the Minkowski metric g

= oT
(3.24) Tyv = gya g, T

The componenta of T“U tranaform as

a~r

.o T
(3.25) Tuv = k” AN Ton

It is alsc possible to defline mixed tensors such as

_ T v o
(3.26) ¥, =8, 7, T, =g,T

The tranoformation properties are

W
>
T

M
(3.27a) T v o Mo .
P TR o v T
(3.27b) T g = hu A . Ta

Higher-rank tensors can be defined in a similar fashion. The

transformation law involves a factor A for each contravariant

-~

index and a factor A for each covariant index.

To define the determinant of a general tensor (Kamal
1981), we firat generalize the Levi-Civita tensor. In analogy

with EUk we define the Levi-Civita tensor of nlh rank <

PR %
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which is completely antisymmetric. Since

we can write the determinant of an nlh rank contravariant

tensor as (Kamal 1981)

G‘Gz-..dm
(3.28) det (T )y =
1y (D L Amy

m n qQ t.q Lq ...\.q

n(EL(p)l(p)...l(p))n(T )

p=1 1 2 n q=1

. p)

where B ,8,, ... a8 = 1,2, ..... s and Llp s, P = 1,2,...,m

are the values that the indices a, a a_ assume. We

1) Z) , (1)

take it =1, iz =2, ...., £ = n. For a second-rank

tensor (matrix) Eq. (2.28) reduces to

(3.29) det (T°°) = e N T
l-‘tz..-.Ln

The following results hold good for determinant of a general
tensor (proofs are given in appendix B). -

(a) The determinant of an inner product 18 eqgual teo the
determinant of an outer praduct.

(b) The nonzero determinants of a general tensor form an

abelian group under the operatlion of multiplication.
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CHAPTER FOUR

GLOBAL ELECTROCORTICAL ACTYIVITY



4.1 LINEAR MODEL -

An important aspect of elec'roencephaloyram is its close
correlation with cognition and behavior (e.g. Walter, Kado,
Rhodes, Adey 1967; Berkhout, Walter, Adey 1969; Gevins,
Zeitlin, Doyle, Yinglirg, Schaffer, Callaway, Yeager 1979). If
cortical cells are viewed as information processing networks,
then electrocortical waves might be viewed as statistical
shifts 1in average local depolarizatior, influencing the
transition probability of local network elements., thus baising
the logical properties of the networks. [f we are able to
determine the laws of motion of these waves and their internal
mechanisms of control, we shall be a step ahead toward an

overall uncderstanding of brain information processing.

Wright and Kydd (1984) developecd a linear model for global
electrocortical activity and its control by lateral hypotha-
lamus. They proposed that the properties of the electrocorti-
cal waves bhe clearly distinguished {rom the microscopic and
nonlinear interactions which underlie them. The gross waves
may be represented as linear, and subject to a specific form
of contro! by certain sub-cortical pathways. From the linear-
ity assumption it immediately follows (i) that the waves are
sSubject to the superposition principle, (ii) that with given
boundary cecnditions the grogss electrocortical activity will
exhibit resonant modea of fixed natural frequency., and (iti)
that at each point in the system there is a spe~ific disper-

| - - - v a
sion relation, giving phase velocity for each wavelenath.
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The lateral hypothalamus is chosen as the focal point in
these studies because (Wright, Kydd 1984)

(a) It is one of number of fiber vathways well placed to
exert controlling influences in the brain, being made wup of
numerous pathways ascending and descending from *elencephalon
to brainsiem {0lds 1956a; Nauta, Karten 1970). -

(b) Teslon of this pathway leads to the sensorimotor
neglect ayndrome - an in attention syndrome not accounted for
by 8ensory loss, or motor paralysis (Marshall, Turner,
Teitelbaum 1971; Turner 1973; Wright, Craggs 1979).

(c) Stimulation of the lateral hypothalamus exerts strong
effects on motivation and attention, as wmwanifested by the
intracranial self-stimulation phenomena (0Olds 1956b, 1961:
Olde, Peretz 1960; Rolls 1971, 1974; Wauquier, Rolls 1976).

(d) The eleztrocortical power spectra obtained in
sensorimotor neglect and intracranial self-stimulation appear
to show reciprocal changes in power at each frequency, when
each is compared to a resting control state (Wright, Craggs,
1979). The converse nature of these effects reduces the chance
that either represents immediate, or later deve'oping,
artifactval events, and suggeats that opposite shifts along a
continuum are induced by these manipulations.

{e) Senaorimotor neglect and intracranial self-stimulation
appear to depend upon lesion, or stimulaticn respsctively, of
all. or supgroups of cells within the mesvencerhalic dopamin-

ergic group (Ljungberg, Ungerstedt 19768; Wise 1978; Wige,

Bozarth 1881)
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Therefore we see that the lateral hypothalamus exerts

important control functions upon telencephalic activity.

Consider the cerebral cortex as a mesh of highly inter-
connected voltage (or current) sources, equivalent to segments
of dendritic trees. The telencephalon constitutes a compara-
tively closed, highly interlinked system. The entire system
may be regarded as driven both by input sensory signals, and

active neuronal firing.

Let the potentiaml of a segment of a dendritic tree, Pt(t)

be represented by
. ) _ . )
(4.1) o+ D(t) o +N7(t) e =0

The Roman index ¢ which runs from 1 to n denotes the number of
dendritic trees considered in the model. The equation 1is
inhomogeneous end can, therefore, be fitted to any oscillatory
gource when Di(t) and Ni(t) are free parameters. Thesge para-
meters are analogous to a damping coefficient and a natural

frequency.

A mass of unit sources coupled to sach other ray be simi-
larly represented by (J runs2 from 1 to n subject to the condi-

tion that v = 1)

(4.2) e, + D(t) v + N*(t) o, = = R(t) v,
J
where D f(t), Nt(t)’ Kﬁ(t) are again free parameters. These

parameters may be given physioclogical meaning under the

following as3umptions.

(¢) All N, U{. KJ) have a finlte variance o, (o , o)
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about a mean <N>, (<D>», <K»). No particular type of distri-
bution for Nt(t)' [k(@), Ks(t) is assumed.

(tiYy All Nt(t). Ik(t), Kj(t) are stocnastically indepen-
dent, as sach represents processes being perturbed by very
complicated nonlinearities in the interactions of the linked

oscillatory sources, with diverse input signals.

Under th2 above listed assumptions regarding the iara-
meters, the -entral Limit Theorem of Cramer applies as n “ends
to be a larga number. Thip ie a very reasonable assumption.
A1l N (t), D(t), K'(t) may, therefore, be replaced by <N>,

<D>», <K> The model syeptem is equivalent to a linear,

time-invariant eystem while these values remain unchanged.

Eq. " {(4.2) may be put in another form by defining new

zZ = zZ_. = @ to

variables. Let Z, =@, 3%, T2z TP, 2, =@, 2, 0 .
z =®,3 =3z _ =@;ms= 2r. In matrix representation
(4.3) dZ/dt = &4 =
where & = {zk]; k =1,2,...,m i8 an m x 1 column vector and #
ila the state transition ma:crix given by
e 1 0 0 0 0O ......... 0 0 1
N® -D, K* 0 ® 0 n
-N, A . K™ 0 ...l K, 0
0 0 a 1 0 0 ... ...... 0 0
K' o N -D, K* o K"
2 THa T 2 - e 2 0
0 0 0 0 0 1 ....... 0 0
_ 1 2 z n
(4.4) & o= l(s 0 Ks 0 —Ns Ds ...... KS 0
0 0 0 0 0 0O ......... 0 1
1 2 3 2
L Kn 0 K, 0 K n 0 ...... -N_ —Dh ]
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The elements in Wright and Kydd s state transition matrix
donot all have the same dimenaions. —(Nl)2 has wunitsas of
(time)™® whereas -D, hes units of (time)™. In the next
chapter we shall rewrite the system of equations (3.3) so that

all the elements of ¥ are dimensionless.

4.2 COVARIANT MODEL

The model of Wright and Kydd (1984) described above rests
on drastic simplifications. It bypasses issues of cell-to-cell
_coupling, detalle of anatomy etc. Moreover, it does not take
into acccunt of the magnetic fielda which are generated when

there is a motion of charges.

We 8start with the model of Wright and Kydd (1984), but
write the equation for the potential of a segment of a dend-
ritic tree in the comoving frame of Lhe signal (Kamal,
Siddiqui, Husain 1989a). The comoving frame iz fixed to the
potential wavefront in the dendrite. When this equation is
tranaformed into the laboratory frame a magnetic tector

potential appears along with electrostatic potential.

Esaential thooretical features of this model, somewhat
modified from Wright, Kydd, Lees (1984), may be summarized aa:
(a) Electrocortical activity reflect the transformed
spatial average of cortical potentials (Elul 1972).
(b) The telencephalon is assumed to be a linear wave
medium with regard to the groes wave potentiala although the

underlying microscopic interactionsa may be extremely
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|
nonlinear.

(c) Closed and .constant boundary conditions 1lead the
lincar waves to pgenerate activity at a large number of
resonant modea, each asscocisted with a constant natural
frequency. These are interdependent properties for time-
invariant linear systems (Kuo 1982; Feynman, Leighton, Sands
1963).

(d) Trke values for the natural modes of the resonant
frequencles are clustered about certain central values
(Cramer ‘s Central Limit Theorem).

(e) Aszscending inhibitory saystems act partly +to damp
resonant activity and partly as a source of noise like driving
signals.

(f) An electrical potential in a comoving frame of the

signal transforme as four-potential in the laboratory framsa.

Let us introduce a four-potential whose components are A“;

“ = 0,1,2,3. 1t can be represented as

(4.5) A = [”]
A

In the subsquent discussion the subascraipt i+ is dropped. The
four-vector A will be written as simply A. In the comoving
frame of the signal passing throvgh a segment of the dendritic

tree, the electrical potential car be represented as
" ° z _
(4.8) e +D(1) e + N (T) P =0

T is time in the comoving frame of the signal. A mass of unit

sources coupled to each other may be mimilarly represented by
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(4.7) e, + D.(7) ;:t + N*(t) o = T Ki(r) °,
;

There is no summation over repeated Roman 1indices. However,
repeated Greerek indices denote summation. In matrix form the

above =2quation can be written as

(4.8) B+ D () P+ KP(r) & = = 2l(r) o,

where 3ttr), J&(T) and AJ(T) are 4 x 4 matrices. The only
nonzero entries are at the intereection of firet row and first
column; which are D (7), N (7) and KS(T) respectively. ¢ 1is
a 4 x 1 column vector with the first entry as the only nonzero
entry representing the electrical potential v, - Tet us
transform Eq. (4.8) in the laboratory frame under the Lorentz

transformation KL. Under this similarity transformation the

four-vectors and matrices teke the form

(4.9a) Sd— A = A @ _
(4.9b) .D_l_('r) — AL(T) = )\i. 'ﬂi.(T) ;i.

(4.9¢c) AAT) = (T) = A K (T) ;,‘

(4.9)  aj(r) — xiry = A al(r) A,

Eq. (3.8), th2refore, becomes

(4.10) A+ A(t) B + n’(r) A == x'((r) A
J
The state transition matrix was constructed by defining

new varisbles ﬂk = f(At,Al), k = 1,2,...,m where m = 2n

analogous to the variablees =z f(Ptﬂﬁ) in the linear model

k
of Wright and Kydd (1984). In terms of Qk, Eq. (4.10) can Dbe

written as

(4.11) da2/dr = A 2
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where € = [Q,] is a 4m» x 1 column vecter (each 0 is a 4 x 1
column vector) and A. ia the state traneition matrix of order
4m . 4m. The form of & is aimilar to # given in Eq. (4.4) with
each D, repliced by &, N by n_and K’ by %’. The numbers 0
and 1 are replaced by 4 x 4 null and wunit matrices

respectively.

Under tle similarity transformaticns defined by Eq. (4.9)

the eigenvalues remain invariant i.=.

(4.128) Dl,ub = Dcomovtng
(4.12b) Niab = Neomoving
(4.12c) Kay = comoving -

4,3 GENERALYZATION OF THE COVARIANT MODEL

In the covariant model described above we have written
4 x 4 matrices in place of simple parameters representing
damping coefficlents, coupling conatants and natural frequen-
cles. However, in all the matrix representations in the
comoving frame of the slgnal only one of the eigenvalues |is
nonzero. In the apiriu of complete symmetry among all the
space-time coordinates we are introducing 4 eigenvalues for
each parameter 1.e. the diagonal entries of the. matrices
D(t), #(v) and &’(t) are DX(r), NM(r) and K¥(r); u =
0,1,2,3 reaspectively (Kamal, Siddiqui, Husain 1989b). All the
nondiagonal entries are zero. The eigenvalues corresponding to
u = 0 are the ones present even in the atsence of magnetic

fields. These will show up in the model of Wright and Kydd
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(1984). The other eigenvalu=ss would not be observed because
thelr prdjections on the four-vector qb_L will wvanish. These
eigenvalues will show up when we transform Eq. (4.8B) to the
laboratory frame ae (4.10). In Chapter 5 we shall consider the

effecte nf weak magnetic fields on thess eigenvalues.
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CHAPTER FIVE

GROUP STRUCTURE OF COVARIANT MODEL



5.1 THE STATE TRANSITION MATRIX

The state transiticn matrix appearing in (4.3) is a lirear
tranaformation which relates the state vectors Zs Zys ween I
to their time derivatives. Before studying the symmetries of
the state transition matrix o, 1t 1s necessary to put it in a
form suitable for mathematical treatment. As mentioned earlier

the elementas of & as given by (4.4) do not all have the same

dimensions. We want to rewrite # so0 that all its elements are

dimensionleas.
Let 2 =9, =6 =06p,0 =¢, I, = 8 = Gva to
= P g =6 =06p ; m = 22 (n is the number of

dendritic trees considered in the mogel usually of the order
of 10”‘), & im a mscaling parameter which can be taker as the
average time of travel of the signal in the laborateory frame
bétween two neurona. All the varilables E‘, E,0 s Em_‘, g

have the same dimenslions. We can also measure time in units of

€. Eq. (3.3) then becomes

~ ”~ Fa s
(5.1) dZ/dt = £ Z
where t = t/6, & = [(k]; k =1,2,...,m and & 1s the new state
transition matrix which has the same form as given in (4.4),
. Fal ~
but all the Ni‘s, Di's and Kﬁ's revlaced by N “s, D8
Aj Fa TN Vo T o t v
and Kt’s respectively, where Nt(t) = SNL(t), Dt(t) = SDl(t)

AL A i
and K’(t) = e®K(¢).

L L

For the covariant model the state transition matrix may be

constructed by defining vo= A’, w; = 91; = GA‘, W; = Az. v, =
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eipa—_-eaztow =A,% =¥ =6A;m=2n. The rate of

m~1 m m-1 n

change of 2 = [1;] is related to Z by

{(5.2) d@ dT = A &£

where T = 7/8. The matrix A is a 4m x 4m matrix whose entries
are the same as that of A, except that each .y is replaced by

sl ~

~
Ai, LA by ", and 9&’ by 9&’. The defining relations are

A AN A ~~

A . .
n(t) = en(t), A(r) = 8A (1), X (1) = 6°x (1)
1 19 19 L L 1%
5.2 DETERMINANT OF TRANSITION MATRIX

In order to determine whether the state transiticn matrix
is singular or not, we need to evaluate its determinant. For
n = 4, the determinant of Wright and Kydd s transition matrix

A can bhe written as

4 2 2.2k L N 2 9¢_z] N 2 {492
i.gl N“ ‘.‘(Ej 'Ei'dkll N‘- N.i K'- K'k N 1 [294_; h 1 [243]
k<t

- () - ) - ) - - )
- ne(E) - (e - e - () - () - R
= I N I S N I S 5

where [suz] = K 9I"; ‘K z etc. Recall that K's are coefficients
Z34 z '3 s

that couple the electrical potentials.The determinant looks
comrlicated. However, we note that each term is of dJdegree 2n
having a degree k in powers of N.° and a degree (2n - k) in

powers of products of Kj where kK ranges from 0 to 2n. A

general de:erminant can be written as a polynomial in N' s and
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K's with the coefficienta K's determined by the irreducible
represgentations of the classes of the vermutation group
S(2n). The class containing identitv can be identified with
the term 1 Nf having a positive sign. The next class comes
with a negative sign. The sign alternates with the classes

with the exception that the last class alwaya comes with a

negative aign.

The state transition matrix & in our covariant model whose

elements are 2iven by

0 1 0 O........ 0 0 W
2% -aA x 2 Ouonnn.. x ™ 0
| 1 i i
0 0 0 1........ 0 0
i 4 m
x, 0 -7, b, ... X, 0
(56.3) 0 0 0 O........ 0 0
x' 0 o % O..v.... x ™ 0
8 a8 B
0 0 0 O........ 0 1
1 F 4 2
L Wn 0 9(n 0 _______ —'nn -An )

is a linear transformation. If the matrices n», A and %'

L
have only one nonzero esigenvalue analogous to natural frequen-
cles, damping coefficiente and coupling constants introduced
in Wright and Kydd s model, the matrix & would ~ounszist of a
few rows and columns coneisting of 7zeroee. By block diagonal-
ization we construct a nonsingular matrix A, whose determinant

ig just the negative of the determinant of #.

~ Fal

The determinants of # and A are just the determinants of «

~ .
and A with the Ni’s replaced by Nt’s and Ks‘s replaced by

A~
E'a.
i

It is, therefore, concluded that
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(a) The determinant of state transition mabtrix is independent
of the damping coefficients,
{b) We can always construct a nonsingular matrix out of the

A Fat
state transition matrix A as well as A&,

3.3 GROUP STRUCTURE

We are now in a poeition to study the symmetries of the
atate transition matrix. The first thing we note is that the
damping coefficients appear as dlagonal entries alternating
with ciphers. These coefficients, therefore, do not contribute
to the determinant. Since the determinant is a product of
elpgenvalues, the damping coefficients do not influence the

eigenvalues of the state transition matrix.

The matrix o is neither symmetric nor hermitian. " However,
it is worthwhlile to look if the matrix & forms a group under
the operation of matrix multiplication. To do so let us first
transform the matrix by interchanging alternate columns,
bringing the first column in place of the seccnd etc.

{it) Closure Property: Let us take two matrices xﬁ and #2. Upon
examining the product # 4, we note that the elements of the

first row are of the form 0,1, 0,0,...,0 as in Aﬁ and #, . In
the second row of o and d;, we have N's, D's: K's anc
ciphersa. The elements of second row of ﬂnﬁg have in some
places nonzero entries in place of civhers. Third row again
contains ¢,0,0,1,0,.., as in the original metrices. Since the

matrix # is a linear transformation, the ciphers in the second

row indicate that there 1s no dependence of Qj’s on @, in the
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particular situation considered. However, in general ot‘s may
depend on ;j‘s. This:possibillity is conaidered in Chapter 6.
Since the form of # is retained under multiplication, the set
of space transition matrices is c¢lesed under matrix multipl?—
cation. To do so we interchange alternate columns, bringing
second in place of first etc.

(i) Associativity: Since #°s are m x m matrices, they must
satisfy the properties of matrix algebra, in particular
asmoclativity property of matrix multiplicaticn.

(tit) Existence of Identity: The identity 1is obtained by
taking D, = 0, K: = 0, N: = -1 etec.

(tv) Existence of Inverse: We have shown above that the matrix
# is nonsingular. Therefore its inverse exists. It can be

shown that the inverse is also a state transition matrix.

~
Therefore the state transition matrix +f (as well as &)

forms A group. Similarly it can be wverified that the non-

singular matrix A constructed from A forms a group.

5.4 BRAIN DEATH AS THE IDENTITY OF THE GROUP

The most interesting conclusion comes from looking a*% the
identity of the state transition matrix group. Lookirg at the
matrix (4.3) we find that the identity is obtained by taking
A= 0, Kﬁ =0, nf = -1 etc. The first condition Atates that
there is no damping present. The second condition means that

there is no interaction among the neighboring neurons i.e. the

neurons are decoupled.

The condition on n: gives the eigenvalues of natural
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frequency as N = 2. In *he solution of (4.19), the expre-
ssion axp(iNit) with the eigenvalue of n. as -i does not rep-
resent a physiologlical situation. However, the eilgenvalue +1
represents a decaving exporiential. On. the aslectroencevhalogram
this would correspond to &rain death (Doreland’s 1982) - a
biological state manifested by absolute unresponsivenems to
all stimuli, abmsence of all spontaneous muscle activity, and
an lsoelectric electroencephalogram for 30 minutes, all in the
absence of hypothermia or i1intoxication by central nervous

system depressants.
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CHAPTER <0¥

FFFECTS OF WEAK MAGNETIC FIELDS



6.1 INTRODUCTION

Magneﬁic fields of the brain are studied experimentally Ly
many groups especially for localization of epileptic foci
{e.g. Romani 1987: Ricci, Romani, Salustri, Pizzella, Torr-
ioli, Buonomo, Peresson, Modena 1987; Narici, Romani, Sal-
ugtri, Pizzella, Modena, Papanicolaou 1987; Narici, Romani,
Salustri, Pizzplla, Torrieoli, Modena 1987). It would be of
interest to study the effects of external weak magnetic fields
on global electrocortical activity. These type of studies may
be of interest in epileptic patients just after the siezure
(cf. chapter 9). We expect to obtain information about the
strength of courling as well as ratio of signal velocities in

various directions.

It the magnetic field is weak, it not will effect the damp-
ing coetficients and coupling of the individual vector poten-—
tials. The natural frequencies will, however, bs modified. In
the context of our generalized model, a first-order estimate

of the shift in frequencies is given.

6.2 WEAK MAGNETIC FIELDS

Let us apply a wgak magnetic field B‘m_ {« 1 tesla) which
is assumed to be uniform throughout the regionh concerned. The
"' magnetic field, not wvarvying with time, is gJenerated by a

vector potential A (x,v.z) svech that B -V x A . Let us
[ 3 48 exl oxl



write a 4-potential as

0
(6.1) ’ Aout = A

e xt

The componénts of this 4-potential are denoted by Afxﬁ H = 0,
1,2,3.

The presence of weak magnetic field will not affect the
damping coefficiernts and coupling of the individual A's. 1In
the presence of this weak magnetic field the natural frequen-
cies N (7) will be modified to, say, N (7). In the lab frame

eq. (4 10) now takes the form

(6.2) Ixt' + A(TIA’ + ni_’z(T)At' =5 Ktj(T)Aj'

where At' = Ai + ont. €ince the signal velocities are very
small as compared to the velocity of light, we take t >~ 7. The
external field Aoﬂ(x.y,z) does not depend on time. We,

therefore, have
(6.3) A* = A, A" = A

Subtracting (3.10) from (5.2) and introducing n;z = n: +
6nf. (6n, 's are 4 x 4 matrices having elgenvalues 3:2 Moo=

0,1,2,3 representing the shifts in freaquencies) we have

2, ., _ _ 2 _ J
(6'4) ént AL -._ (ni. f sxi. )Acx

i

We assume that 6nt,fXJ and n,  can all be simvltaneously

diegonalized. In other words {én,%’)1 = 0, [én,n] = O etc.

~

Aprlying the transformation 67;L — Aiénfﬁ = GJZ etc. to

write (5.4) in the comoving frame of the signal, we have

)

2, ., _ _ g2 _ Bo,a
(6.5) 6"'; Ai. - ("i. z ki. )(ont i

J
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where Ai_' = &L + (ont)i.; (onl)i. = Aiﬁoxt' The matrices 611,
wn and &j are already diagonalized. Eq. (6.5) will yield four
equatione each one sufficient to determine an eigenvalue s,
The results are
(6.6) 6% =tz g™ - () 30k

i

r

[a) — - -
where (":>.t = - ?'.LAM'..V.L/(clﬂtt -7 v, e = 1: r = 1,2,3.

A,
1 ext

5.3 EFFECTS ON FREQUENCIES

The shift in frequencies ims a measure of the strength of
coupling through the factor [ £ Kj“ - (N1,
(a) If the coupling is strong i.e. T Kj“ > (N:'z, we will
observe a slight increase in frequencies.
(b) If £ Kj“ = (bk“)z, there will be no shift in frequencies.
(c¢) If = KH“ < (N:Uz, there will be a decaying exponential

introduced in the EEG sepectrum. Therefore, L1he frequencies

will be modulated.

Examination of (8.8) also indicates that the term Y. A

. .V
L axl 1

i2 very small as compared to ¢F Therefore, we expect that

(6.7) 6° x

172
i ' oxtl

Taking the averages we expect that <$°> « |17

A This
concluslion nay be checked experimentally. In a magnetically
shielded room a weak external magnetic field may be applied to
the brain in thé form of a horseshoe magnet. Tts magnitude is

varied and when the steady state is reached the EEG is taken.

The dominant fredquency of the EEG ie expected to vary as the
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square root he external magnetic vector potential. The
other compr .ents 6{; r = 1,2,3 are independent of the applied

field.

If wa epply magnetic field of same magnitude in the z-, y-
and z-directions nnd observe 6;’ in each case, we can measure
the retioe of velocities of signals in different dir-ections

:0%?)2 = f(vt)x:f(vt)y:'f(vt)z

0 Lo ]
(6.8) (6°),:(6°%)

y
If we apply Central Limit Theorem of Cramer to replace each
individual fregquency and velocity by its average, the above
equation may provide a way to evaluate the ratio of different

componenta of signal velocity.

8. 4 GENERALIZED POTENTIAL

Eq. (8.6) als> suggests that we can define a generalized

potential of the form

(6.8) Y= ALY .

This could be viewed aB a smort of gauge trenaformation for the
electrical potential in the comoving {rame of the ailgnal. [t
may help in writing the Lagrangian and Hamiltonlan densities
for our system. The next step could be the construction of a

quantum field theory for the electrocortical activity.
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CHAPTER SEWEN

GENERALIZED COUPLING IN THE COVARIANT MODEL



7.1 NEED FOR GENERALIZED COUPLING

In the linear model of Wright and Kydad (1984) the elec-
trical potentials p"s are coupled to pj‘s through céupling
rarametersa Ks(t). However, we note that a change in potential
§jinducés a magnetic field because of flow of current. A mag-

netic fimld will, in turn, exer- Lorentz force on a charged

particle and hence, in general, L will influence P, .

In the covariant model (Kamal, Siddiqui, Husain 1989a) the
dependence of At‘a on Aj'a was alsc sugpgested when we conai-
dered the group structure. Upon multiplication of two state
traneition matrices we came up with nonzero coefficients for
Aj's.

We are generalizing Wright and Kydd's damped coupled har-
monic oscillator equations to include a generalized coupling
which also depends on ;j's. A covariant model is constructed
using this coupling and first-order corrections to EEG fre-
quenclies based on this model are calculated in the presence of

a time-varying magnetic field.

7.2 MATHEMATICAL DESCRIFTION

In the comoving frame of the signal passing through a
segment of the dendritic tree, the electrical potential for a
mass of unit sources éoupled to each other may be represented

by

(T.1) & +D(1) & + #3(x) & =5 [ A7) &, + M'(x) @ ]
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where ﬂﬂ}(?)'s are 4 x 4 matricea having eigenvalues HJH(T);
¢ =0,1,2,3. The MJ’B are free parameters given physiclogical
meaning under the assumptions lis;ed after eq. (4.2). All

other symbols are defined after eq. (4.8).

A simllarity transformation under ht transforms the various
four-vectors and matrices according to (4.9). The matrices

ﬂﬂj(r) tranefcrm as

(7.2) mir) — M) = A M) A,

Eq. (7.1), therefore, becomes

(7.3) A+ A() A + 0 (t) A =T [ i) A+ 4l A )

Defining the generalized_coordinatea as in section 4.], W& =
£(A,0A3; k= 1,2,....,m where m = 2n (recall that n is the
number of dendritic trees considered in the model), the rate
of change ofg = [1&] is related to 2 by (5.2). The atate

~
transition matrix A now takes the form

[ 0 1 0 O........ 0 0 3
~~ 2 ~ o N Fa P
-n -A x * A o™ A"
4 1 4 i 1
0 0 0 1........ Q 0
oY ~ ~ Fa Fal Fa
o i M i -7 2 A ... x ™m M ™m
2 4 2 2 2
(7.4) 0 0 0 O........ 0 0
Fa ‘ la) A ~ 2 ”~ 2 Fa Fa
™m ™m
K. "“n xﬂ JHEI """" 9(9 'MB
0 0 0 O..o.... 0
A- 1 FaY 4 ~ » ~ 2 ~ 2 ~
[ X A K M -n_ -A )
™

F.Y -

~ :
where J&%T) = & A&%T). The other coefficients are already

defined in smection 5.1.

oY
The state transition matrix & is a linear transformation,
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which forms a group.
7.3 PREDICTICNS

For a2 model to be considered seriously, it should have

predicticns which could be tested experimentally.

Conslder the effects of a weak magnetic field Box {« 1

t
tesla) which is assumed to be uniform throughocut the region
concerned. The magnetic field, not varying with time, 1is
generated by a vector potential such that B.m -V x A.M. The

4-potentlial is Abx as given in (5.1). In the presence of this

t
field the natural frequencies &}T) willl be modified to
Nt.(T)' However, the damping coefficients and couplings of the
individua! A°s and A's will remain unchanged. ln the lab frame

eq. (7.3) now takes the form

3 ; * '2 | - J L] J : »
(7.5) Aa + Aitr) AL + (r) Ai = Z [“}(T) Aj +-Mt(T) Aj ]
where At' = A& + Abxt' Since the signal velccities are very
emall as compared to the velocity of light, we tuke t =~ v. The

external field Aimjx.y,z) does not depend on time. We,

therefore, have

1 ! i 1
Subtracting eq. (7.3) from eq. (7.5) and introducing first-

2 2
order correction in frequencies nt’ =mn  + 6nf, we have

N
snla’ = -(n

i
- Z. Ex; )Aom.

This ia same as equation (6.4). We note that all the factors

related to generslized coupling with A have cancelled out.
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Theretfore, we conclude that a weak, uniform, stationary
magnetic fleld will give the a3ame first-order shift in

frequencies in the presence of generalized coupling.

Consider a magretic field Bon(t) which is generated by a
vector potential A.m(t) varying linearly with time. Defining

a 4-potential A.x as in (6.1), we may write eq. (7.5) in the

t

srepence of weak magnetic field. Since Ai' = .C\._L + Aom) and

Ab“(x.y,z,t) has a linear time dependence, we have

A = A s A = A

i i i i
Subtracting (7.3) from (7.5) and introducing 6ni as the first-

order correctlon to n., we have

2, ., _ ) 2
(7.8) A" = - (n” - ; K A~ (4

L L

J J

i
_z_dﬂi.)on.

If all the matrices can be diagonalized simultanecusly, (7.8)

can be written in the comoving frame of the 3ignal as

~

)

Lt ext i

(7.7) ‘5"12*“-.' = _ (.r_f - “-Lj”A.x )y, - (x,t’ - &tj)(A
j 3

o ~

), = XA All other quantities are defined 1in

et i et T

where (A
(6.5) and (7.2). The matrices 6d1. Al, ks end ﬂﬂj are already
diagonalized. Eq. (7.7) will yield four equations which can be

solved to determine elgenvalues 631. The results arce

(7.8) (6 = k¥ - (N 10 4 EM¥ -pH gt
j i

where -

-0 _ s
(7.9a) == T rLA.m"vi/(¢t B ri.A.xl'vi.)

-1 _ & _ 2,5 ro _
(7.9b) e U [6r + VrV.(Y v ]onl./Aaxt’ r-=1,2,3

All the other quantities are defined after eq. (B.6).
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Recall that the term r}Aﬂd.v i3 very small as compared to

i
© . Corlaider a time-varying external field which is applied in

the x-direction. If its magnitude is changed from -£ to +¢ in

a period of time At, i.e. on the average |A | = 0, we expect

that 6;a x |A.mJ'/z. Using Cramer s Central Limit Theorem to
replace the individual frequencies by their average, we get

] . 1,2
(7.10) <& > ™ |A.ﬂ|

This prediction may be checked experimentally.

Because of the presence of the factor A /A . in (7.Sb),
the freaquencies will become unbounded when IAoml = 0. This is

not possible physically. We, therefore, conclude that
(7.11) eM” =p"; r=1,2,3

This may be considered a® a condition of impedance matching.
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CHAPTER EIGHT

MOIRE TECHNIQUES IN NEUROLOGY



8.1 INTRONDUCTION

Throughout the course of history., man has performed mea-
surements by eve estimate, tape, and calipers to describe the
fortn of the human body. Over 4000 years ago Egyptian artists
gset up a system of measurement based on the width of a human
hand. The need to find a convenient three-dimensional measur-—
ing system led to the development of photogrammetry in the
middle nineteenth century. Medical photogrammetry is the term
used to cover all applications of photogrammetry in the broad
field of medicine. These include stereophotogrammetry, holc-
graphy, rastergraphy, integrated surface imaging system (ISIS)

and moiré fringe topcgraphy.

The important advantages of photogrammetry owver conven-
tional methods for medical applications are (Lare 1983):

(a) Fhotoyrammetry is a non—-disruptive technique. It avoids
risks involved in hurting. infecting, or distorting the human
subject being studied.

(b) Photogrammetry can make it easy to measure objects
otherwige difficult to measure.

{c) Photogrammetiy enables to keep permanent records in the
form of photodrarhic images.

(d) Body structures, which could not be seen or illustrated
before, can often be studied by photogrammetry.

(e} Ary desgsired degree of accuracy can be achieved by
making a 3uitable choice of equipment and technique.

(f) Data obtained from photogrammetric measurements
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speclally if put in coordinate form can be easily utilized by

computer systems.

8.2 THE MbIRE TECHNIQUE

The tebhnique of moir®d fringe tonpograrhy consists of photo-
graphing the part of body through a specially constructed
screen vDark fringes are produced because of the presence of
screen. The remarkable features of this technique are:

(a) It does not use ionizing radiations e.g. X rays.
Therefore, 1t does not pose any risk to the subject.

{b) It provides surface information not available fror ord-
inary X rayn. Such information 12 crucial in the study of
spinal deformities.

(c) Shadow type moiré¢ sysatem is very simple to operate. It
doees not require highly trained pereonnel to take a moiré
topograph. An expert is, however, required to interpret the
topograph.

(d) It requires about 20 meconde to take a moiré¢ topograph
of a chlld. Herce the system is ideal for screening.

(e) The apparatus is 1light wéight. In Karachl we have
constructed a full-size moiré frame which may be carried by a
10-year old.

(f) It 1is very inexpensive to screen u=ing moiré esystem.
%he moiré frame and hand support could be constructed in less
than a thousand rupees. The only major operating cost would be

the cost of photographs. This could also be minimized by



recording moliré¢ pilctures on videoccassettes.

*

Moiré fringes are a serles of interference fringes arising
from the superposition of sets of parailel lines or threads,
the sets being slightly inclined to one another. The width of
the iinea of the grid should be equal to the space BdZNuhm
them. The shadow type moiré topography apparatus used in  Ehe
earlier studies (Kamal, Lindseth 1980; Kamal, El-Sayyad 1981;
El-Sayvad, Kamal 1981) consisted of a screen made up of 0.5 mm
thick brown thread stretched vertically across a rectangular
opening in a steel frame. The distance between the threads was
0.5 mm. The frame had a horizontal support to hold the screen
vertically. Each child was mede to satand erect with feet
togethevr, buttocks placed close to ecreen and with shoulders
parallel to it. A 1000 watt lamp placed 50 cm above the camera
wae used as light source. The distance from the camera to
screen wags 100 cm (Fig. 8). For these wvalues the 1iistance
between adjacent fringes was (.2 cm. Fig. 7 shows aymmetric
moiré pattern of a normal spine. Recently in the 1lab of
Department of Physics, University of Karachl we have construc-
ted a wooden frame of dimensions 40 cm x 80 em. Nylon thread
of 0.7 mm diameter is wound along thz longer side with spacing
equal teo the diameter (Kamal, Bukhari, Akram 1988). To obtain
sharper fringee we are using parallel light from a slide
projector. The light gource and canera are placed 150 cm from
the screen and both are located in a plane parallel to the
moiré frame. Light source and camera arc situated on a 1line

perpendicular to the stra2tched threads. The eseparation of the
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Fig. 6: The moiré setup
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camera and the light source is 110 cm. Fcr these distances the
height difference between successive fringes is 0.2 cm. This
method is esimple and gives a lot of information, but it

requires bulky equipment.

In projection type moiré topography human body is supported
on a standard holder, and a grating image 1s projected to the
back for forming a transformed image on it according to the
shape of the back, which will then be formed on the standard
grating fhbough lens o0 a8 to gensrate contour line moiré
fringe between the transformed grating and the standard
grating on the human back. This method gives large amount of
information. Accuracy can be changed by changling grating. As
compared to shadow type the distortion error in- projection

type is a factor of 2 - 3 in the derth ard in the sides.

The projection type moiré topography has bzen used for the
early detection of scoliosis. More than one hundred children
have to be checked per hour in the field work. That means
there will not be enough time for positioning each child.
Moiré topography of the grating hologram type makes it
pospible to adjust the contour fringes after recording.
Informatiohs on the body shape are storzd in the curvature and
spacing of the recorded grating at each pvoint of the body.

Hence, the photographic record is named grating hologram.

In short shadow type 8hould be chosen 1if quantitative
accuracy ir desired, projection type if open space is uneeded
and gratiny: hologram type if posterior adjustment of fringes

is the reguirement.
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8.3 APPLICATIONS

Moir# fringe topography is being widely apnlied in the
detection (Adair, van Wijk, Armstrong 1977), documentation
{Willner 1979), quantification (Kamal 1983; 1987) and follow-.
up (Kamal, Lindseth 1980) of s8pinal deformities especlally
scoliosis (lateral curvature nf the spinal column). It has
also been used for the study of chest wall deformities
(Shochat, Csongradl 1983) as well as anthropometry (Windisch-
bguer 1283). Currently moiré topograprhs are also used to keep
permanent records of patients suffering from rheumatic dis-

orders as well as low back pain.

One of the areas in which moiré topography could be
extremely useful is the study of neurological disorders. Pre-
liminary studies of posture (Suzuki, Yamashita, Yamaeuchi,
Armstrong 1981) and gait (Moreland, Lewls 1281) 1in norma. sub-
Jects have already been performed. A study of posture and gait
of patients suffering from neurological disorders e.g. cere-
bral palsy would provide valuable insights into the mechanism
of these disorders. Moiré studies could also be supplemented
by other techniques like rastergraphy, edge and intenaity

bamsed alpgorithms etc.

8.4 STUDY OF NEUROLOGICAL DISORDERS

Posture and galt become very important in neurological dis-

orders involving motor impairment. Using moiré techniques
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posture and gait of normal children, epileptics as well asa

children suffering from cerebral palsy could be studied.

After A siezure an eplleptic does not become normal for a
few hours. The experiences during this period are not recorded
in the long term memory. Durling this oeriod of washable memory
the posture and gait study of epileptics may provide clues to
the nature of this disease. Moiré studies during this period
may reveal pathological signals. The moirés could be digitized

for permanent storage and analysis by different algorithms.

7.8 SCOPE OF MOIRE TECHNIQUES

Moiré technigquee offer much score in medical sciences. In
the coming years they will eupplement and pogaibly decrease
the conventionel X rays. The recent development of a procedure
to obtain reproducible moiré pilctures (Kamal 1988; Kamal,
Benoni, Willner 19B88) will increase the potential usefulness
of this technique in the follow-up of spinal deformities as
well a3 neurological disorders. Dynamic moiré topography may
find applications in the study of gait and movement analysis

especially analysis of gymnastic performance.

75



CHAPTER ININE

CONCLUSION AND DISCUSSION



Ambroge Bierce, in The Devil’'s Dictionary, gave the follow-
ing definition:

MIND, n.— A mysterious form of matter secreted by the
brain. Its chief activity consists in the
endeavour to ascertain its own nature, the
futility of the attempt being due to the
fact that it has nothing but itself to know
itgelf with.

This is the challenge. Despite the scale and complexity of the
problem, there have been attempts to understand the function
of the brain. Now we are at'a stage where we can construct
simple mathematical models and test their predictions, some-
times even in humans. These efforts may not only be able to
improve health care through efficient treatment of nervous and
psychiatric disorders but also lead us towards intelligent
computing machines. The future of neuroscience, therefore,

geems to be very promising.

In this work we have studied a linear model of global
electrocortical activity. We have considered the oscillations
of electrical potentials in segments of dendritic trees as a
system cf damped coupled harmonic oscillators. Generalized
coordinates consisting of electrical potentials ard their rate
of change generated a linear transformation which formed a
group., The identity of this group corresponded to the
physiological state of bdrain death.h covariant model was
constructed by writing the equations of electrical potential

in the ctomoving frame of the signal. When these egquatio.s were
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transformed into the laboratory frame a magnctic vector
potential appeared along with electrostatic potential. In the
presence of a weak magnetic field first-order corrections to
the frequenties as well as a method to calculate the ratio of

components of signal veloclties was given.

A generalized coupling was suggested in which the
electrical potentials were coupled both to other potentials as
well as their time rate of chenge. The effect on frequency
elgenvalues in the premence of a vime-varying magnetic fileld

was studied. -

In the preseace of weak magnetic fileld a generelized

potential of the form

Y = -
VTP T ALY

may be viewed as a gauge tranaformation for the electrical
potential in the comoving frame of the <aignal. Using this
potential Lagrangian andl Hamiltonian densities could be
written in the nearest neighbour interaction approximation. By
iterative procedure the various coefficients in the potential
expansion can bte calculated. This may be a first step towards
the construction of a quantum field theory for the electro-~
cortical‘ activity. Thie field theory would describe the
behavior of the system at abasolute zero. To conatruct a field
theory at room temperature we have +to assume a temperature

bath.

Since the system 18 bounded we expect diszrete energy

statea. Nunez {(1981) has nlready considered the possibility of
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viewing electroencephalogram as a system of standing waves.
Similar ideas may be applicable to magnetoencephalogram, and

simulation may predict stochastirc propertizgs of the system.

We ar+ tryirg to simulate EEG signals as & system of
harmonic oscillatora (Siddiqui, Kamal, Khan 1988). The results
will be compared with the digicized electroencephalograms

provided by local neurologists.

Since the spinal cord plays an important role in human
locomotion, a three—-dimensional model of the spinal column was
developed (Kamal 1983; 1987). This model generates the spinal
outline from the proJections in frontal and sagittal planes.
The outline could be obtained from roentgenogramrs or moiré
topographs. Degree of correction of trunk deformity could be
estimated by measurements performed on moir¢ topographs of
scoliosis patients in standing and hanging positions. The
model is described fully in appendix C. Compariscen of moiré
topographas with X rays in Malm¥, Sweden on a few patients
suggensted that this model gives the best resnlts in the
abesence of rotation. This model may, therefore, be useful in
the s8Btudy of normal subjects. Outline of spine may be
constructed from moire topographe in various activities. We
are in the process of developing special averaging algorithms
which could be used to study the epinal columns in persons
qapable of performing highly coordinated motor skills (e.g.
gymnasts), normals and patiente having neurological impairment

effecting their motor system (e.g. cerebral palsy patients).

The next step could be the unificatinn of the spinal model

7o



with the nlodel of brain to obtain a complete picture of the
motor w@sysmtem and motor function in humane. This would,

howaver, require experimental support at every atage.

Since human brain is a delicate system, we cannot use
invasive meana for its study. Therefore, there is a need of
noninvasive techniques whi:h do not pose any risk to the
subject under study. At present we are concentrating on moiré
and raster techniques to study noninvasively the spinal
column, and hence the motor system. We are planning dynamic
studies concentrating on gaite of normals and eplleptics
during the washable memory pericd using FM-00 projection type

moiré camera.

Further theoretical work may involve developing a
space-time metric tensor formalism (Pellionisz, Llinds 1982)
for our covariant model {Kamal, Siddiqui, Husain 1888a;b). The
metric tenacr may, in turn, generate a gcalar pctential.
Mathemstical formulation to censtruct pseudo-Newtonlan poten-

tials in geometrodynamics already exists {Qadir, Quamar 1986).

We are, therefore, beginning o explore the frontiers of a
kingdom always seemed mysterious to us. One wonders how many
more mysteries of Nature have evaded human exploration. The

seackers of truth will, perhaps, someday uncover them!
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APPENDIX A1 THEOREMS ABOUT SIMILARITY TRANSFORMATIONS

Theorem Al: A similarity transformation leaves the trace of a
matrix ifnvariant.
Proof: Let A be a matrix whizh transforms as £ under a

gimilarity transformation & i.e.
(A-1) B = S45°

The trace of A is £ A4 whereas the trace of B can be written

J

i’
ag

(A-2) £ B, = £ 5 A (Y = T (5% s 4
] il R iy gk ,

L L. gk KoLk ki Ly gk
=1
But ? {s )hs,‘-i 6]:] and so
{A=-3) FB = TEA =L | S5 A ] =X A4
\ it i kj jk ; K ky ik N A

which cuoinpletes the proof.

Since trace is the sum of eigenvalues, the above theorem may
also be stated as: Under a similarity transformation the sum
of elgenvalues remains tnvaritant. In fact a stronger result
holds good for similarity transformations.

Theorem A2: Under a similarity transformation the eigenvalues
remain invariant.

Proof: If A is an eigenvalue of matrix 4 the secular equation

can be written as
{A-4) det{(Ad — A0) = 0

where | is a unit matrix having determinan: 1. If S is a non-—



singular matrix we have det($) # 0 and so det(5 ') = 1/Jet(S).

i

Multiplying the left hand side of (A-4) by det(S) and det(s ')

we have
(A-5) det(S)det(4 - Al)det(s*) = 0

But det(4)det(B)det(C) = det(ABC) and so
(A-8) det($4s™ - asIs™) = 0

Since StS! = 0 we have
{A-T) det(B - Ab) = 0O

which proves the required result.
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APPENDIX B: THEOREMS ABOUT DETERMINANTS OF GENERAL TENSORS

Theorem B1: The determinant of an inner product is equal te
the determinant of the outer product.

Proof:. For a second rank tensor

b u‘b‘a?bz unbn
(B-1) det(A%) = e AY'A% % 4
aa .,.... a
1 2 n
Now
(B-2) det(Adb)det(de) = (ea o S b e c €4 4 ) x
g9, beeeb e ..c Td.Ld
ab cd ab ed
(‘411811 ------ Anann)

If we replace ¢ by & and sum over & we have

b bd .
(B-3) det(4°")det(B") = (e .. a (5 _bn)zedl_ a1
ab bd ab b d
(attett ... A" ™)
(eb v »* = +1 when it is non-vanishing. In those cases we
- | | o
may dsfine
ab bd ad
(B-4) AI.LBLI.=(AB)'L1.

ag the inner product of A and B. Therefore
(B-5) det(4°°)det (B°?!) = det(4B*)

Note that we can change contravariant tensors to covariant
(for their contraction) by multiplication. with € having a
determinant -1. If we define

‘ab cd abcd

(B—G) AttBltz(AB)L.l.l.

as the outer product of tensors A and B, we notice that

of



(B-7) det (4% )det (B°?) = det(4B°>%Y)

.

We note¢ that determinant 1s a number which does not depend on

the choice of indices and so from equations (B-5) and (B-7) we

have
(B-9) det (4% )det(B®%) = det(4%°)det (B°%)

and so we hsve

(B-10) det (48°°Y) = det(4°Y)

Now we prove this theorem for a determinant of a general

tensor of rank n. Suppose it 1s true for a tenaor of rank k,

aa...aa a aa...da
(B-11) det(T‘Z k k+i lﬂz) - det(T‘z k)

. a
We take a new tensor whose components are gliven by C ©®  which

is of first rank. Therefore according to eq. (B-11)

a aa ...

) = det(C ) det(r ' ? )

a aa

Y - a
dBt(C o)det(?' iz k k+d k+2

By definition of a general tensor given in =2q. .2.28) we 8see

that the two s8ides are the determinants of tensors

= - G

G .
2 k

2 "k %ke1%%kez

%y %4
(cT) and (CT) and =0

aa a

(B-12) det(cT ! 277k

2 k% ke1%ke2

y = det(cT ! )

Therefore the assumption that the theorem 1is true for k
impliee tha%t it is true for  + 1 because on the "right-hand
side we have a tensor of rank 2 + 1. We already proved that it
ie true when k = 2. Hence it is true for all n > 2. Forn = 1

the result can be easily proved.

Theorem BZ2: The determinants of a general tensor form an

L= =g



abelian azroup under multiplication.
dnaz"'ﬂ ob .. .b

Proof: Lét det(A My and det(z ' ) be two elements

in set D:

(i) Using theorem Bl we can show that

u‘az. . “m b‘bz. . b a"o.z. .. Gmbxbz' . bn
ydet (B ™) = det(AB

a b )
C(tt) For all det(A’), det(8*) and dettc'y in D, J =

det (A

1,2,...,m; k= 1,2,...,n; L = 1,2,..,p. Therefore

b < ab
]

(B-13) det(4 J)[det(B ¥)det(C )] = det(aBc i *’

)

b e

= [det(4 ')det(B ¥)ldet(c ")

by theorem B1l.

(ti{{) There existe 1 in D such that
a a, a,
(B-14) 1.det(A ¥) = det(4 ) = det(4 i).1

We now show that 1 is in D. Let ua define a tensor of mth rank

£ psuch that

ada...a
(B-15) gt ™ a = 1,2,....n
are given by
a3 ...a
(B-186) riz "4t ifa ~a = ... = a

= 0O otherwise

a
We note that det (E‘H = 1 and 20 1 is in D.

a, a,
(iv) For det(A ') in D, there exists det(¥ ') in D, such that
a

(B-17) det (4 1)det(F ') = 1 = det(F ')det(4’)

a

¥For this very condition we need that det(Aj) = 0. Therefore

a
Aj must be nonsingular.

{v) Also we have



PP Y

a, bk ‘)k a,
(B-18) det (A ydet (B °) = det(B “)det(4d )
Therefore, all nonzero determinants of a general tensor form

an abelian droup under multiplication.
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APPENDIX C: THREE-DIMENSIONAL MODclL OF THE SPINAL COLUMN

To draw the outline of the epine from the moiré topograph
of back consider Fig. C--1. The midpoint of the neck 1s Joined
to the midpoint of the pelvis Q. To find the position of the
spine at a given point draw a line perpendicular to PQ. Let
this line intersect PQ at C and a particular moir® fringe at H
and E such that E is always on the right side of H. The
midpoint QO of the line segment HE 18 assumed to give the posi-
tion of the dpine, provided the positioning during the X-ray
and moir4 examinations is identicai. Several such points may
be found along the line segment PQ, preferavly 33 to corres-
pond to the 33 vertebrae of the spinal column, and a spinal
outline in the frontal plane could be drawn as the best curve
fitting these points. Similarly an outline in the :agittal
plane (Fig. C-2) may be drawn from mnolré topograph of the side

(arm raised).

Fig. C~3 shows projection of a point O on the spine in y=z
and xz planes. The back lies in the yz plane (frontal plane)
and the side lles in the xz plane (sagittal plane}. The point
B (=Bo) iz chomen as origin. The back and side photographs may
not have the same scale. To adjust the scaleé, photograph a
stick on both back and side photographs. If w 1a the ratio of
the length on the back photograph to that on the side photo-

graph, the corrected length fcr the side may be written as

(C-1) (side) = wz §{8iae)

-4
corrected measure
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Fig. C-2: Moiré topograph of the side
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From the measurements performed on moiré topograprhs of back
and side, we generate a curve x = x(U)}, ¥y = y(), =z = z()
which is a best fit to discrete measurements performed at
various locations represented by the parameters E:’ fz....,tn{
n = 33 chrresponding to the 33 vertebrae of the backbone. The
parameter ti may be taken as the distence on a 1line segment

Joining the midpoint of neck to the midpeoint of the pelvis.

Let us write
(C-2) Cx = f(y,2) = zay” + byz + 3c2

in the neighborhood of any point on the spine. The coordinate
x repreosents the deviation of the curve from the yz-plane.
Rotating the y, 2 axes by an angle a clockwise about the

x-axis

(C-3a) y = Voo COB @ + X sin a
(C-3b) = -V, gin a + x ., <os a
where

(C-4) o =3 tan™ [2b/(c - a)l

Eq. {C-3) may, therefore, be written as

1 z 1 R -
(0-5) x = E ”ﬂ,yrot * 5 nzt‘lrot
where ®
(C-6a) x, = a+c - 2°/14b + (c - a)’ 1"
(C-8a) | w, = a+ o+ 265/040° + (c - a)*1*"?

l

The patient ia then asked to hang freely from a bar and the
improvement in the deformity is noted. The curvatures are

again measured after guarded graduated Egssive correction as

.

Qg



Fig. C-3a,b: Projeclions of a point O an the spine itn yz

Cfrontal) and xz (sagittald planes.
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w! o, n'{'; t = 1,2,....,n. The degree of correction of trunk

deformity is definqd as
(C-7) | D= (50/n) E [(1 - "11 /"“)z + (1 - /RZLEZ]
The trunk deformity 1s classified as severe, intermediate or
mild if D lies between 0 - 33.33, 33.34-66.66, 66.67-100 res-
pectively. Geometrically if nd' =%, x; = %3 t = 1,2,..
...y, there is no correction and D = 0. On the other hand, if
xi == =0;t=12,...,n, the deformity is completely
corrected and D = 100,

The analysis presented here may also be applied to clinical

radiographs of back and eide to determine the shape and

curvature of the spine.
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