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Determinant of General Tensor

While working with tensors,
it is, sometimes, necessary
to introduce determinants of
tensors of order higher than
two. One can define the
determinant of an mt-rank
tensor as the product of two
terms:

(product &) (product T)

where g is the generalized
Levi-Civita Symbol (in fact, a
tensor density). It can be
easily verified that

a) The determinant is zero if
any ‘array’ consists of
zeros.

b) The determinant is multi-
plied by a number A if any

1d-tensar Zd-lensor

dd-tensar

d-tensor

‘array’ multiplied by A.

c) The determinant changes
sign by the interchange of
two adjacent ‘arrays’.

d) The determinant vanishes
if two ‘arrays’ are iden-
tical.

Theorem 1: The determinant
of an inner product is equal
to the determinant of the
outer product.

Theorem 2: The determinants
of a general tensor form an
abelian group under multipli-
cation.

&iiz......in is Levi-Civita
Symbol, which is of nt
rank, and completely anti-
symmetric. Even permu-
tation of indices give a
value +1 to this symbol,
repetition of two or more
indices makes this symbol
vanish. Otherwise, the value
is —1.

The results, obtained in this
paper, may be useful in
constructing models of
anisotropic systems, which

are described by tensors.
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DETERMINANT OF GENERAL TENSOR
by
S. A. Kamal *
A generalized definition of a determinant of mth rank is proposed.

While working with tensors, it is sometimes necessary to introduce determinants
of tensors of order higher than two. Let us see how the determinant of a second rank
tensor (matrix) looks like

ot

2 )
det (T°%) = €iiy. -nT“lT 2, . T™n (1)
where a,b=1,2,...,n and T'% are the components of T in the first row and i,-th
column. €, ., Iis the Levi-Civita tensor, which is of nth rank, and completely anti-
symmettic. Since

€12...0 = *1 (2)
we can write (1) as
det(T3® = ¢, i ei;i;...t‘,‘T“l T2i: | Tnén (3)
This suggests that we can define the determinant of the mth rank tensor as the product
of two terms
det (T%1%2---2m) = (product €)(product T) 4)
where

(product €)

(Eaa, . A NE L@ g D). (€ m) | i (m))

(roduct Ty = (THaPa® a0

@,4,...,8,=1,2,...,nand i,?’, p=1,2,...,m are the values that the
indices a,,a,, ... ,a, take, Wetake {,®0=1,1,0=2,...,i,=n. Thiscan
also be written in compact form

i (135 (1), . L4 (m)

det(T®1%2---9m) = ] (eﬁ(')i,(’)...i o) 11 (ﬁ* % y ) (»
r=1 n =1

Note that instead of rows and columns in a matrix we can obtain different ‘arrays’ by
fixing each of the a, ,a,, ... ,a,, one-by-one, It can be easily verified that

(@) the determinant is zero if any ‘array® consists of zeros;

(b) the determinant is muiltiplied by a number A if any ‘array’ is multiplied by A4;
(¢) the determinant changes sign by the interchange of two adjacent ‘arrays’;

(d) the determinant vanishes if two ‘arrays’ areidentical.
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We now prove the following results,

Theorem I1: The determinant of an inner product is equal to the determinant of the
outer product.

For 8 second rank tensor

det(4°%) = € nAﬂlhA%h_ . . Aondn (6)

Gy0y...04 Eb,b;...b

Now

det (A%®)ydet (B*%) = (¢ a4 )x(4 mbigeids  g°%nbapendny

Dy.nalp eb,...bb ec;...a“ edl...
If we replace ¢ by & and sum over b we have
det(A°tydet (B*% = [e, . (g, , 7 edt“_dﬂ]x[a"ﬂlsﬁ‘t. . .Aonbngindn]
(Eb..--bn)’ = +1 when it is non-vanishing. In those cases we may define
Adibigtide (AB)ﬂ-id( (N
as the inner product of 4 and B. Therefore
det(A°%)det (B%%) = det(AB°% (8)

Note that we can change contravariant tensors to covariant (for their confraction) by
multiplication with 5, having a determinant -1, If we define

Aﬂ-s'biBﬁdi - (AB)nﬂs'es'di It
as the outer product of tensors A and B, we notice that
det (A% det (B°Y) = det(4B**°%) (10)

We note that determinant is a number which does not depend on the choice of indices
and so from equations (8) and (10) we have

det (A%%)ydet (B®%) = det(A°%?)det(B°Y) (11)
and so we have
det(AB%t°d) = det(AB%H (12)

Now we prove this theorem for & general tensor of rank n. Suppose it is true for a ten
sor of rank k,

det (TS19%2---8k 0%+ 10k+2) = det (7%t % - %k) (13)

Now we take a new tensor whose components are giver by C® which is of first
rank. Therefore sccording to eguation (13)

det (C %y det (T*1 %" %kk*1%%3 2y . det (C%)det (T *1°"%%)
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By definition {5) we see that the two sides are the determinants of tensors
(CTy%0Sree b+ gnd (C'TY%%t---2% and so

det (CT %12k +2)y _ det (£ T 0%+ k) (14}

Therefore the assumption that the theorem is frue for k implies that it is ttue for k& + 1
because on the right-hand side we have a tensor of rank &+ 1. We already proved that
it is true when k = 2, Hence it is true for ali g > 2. For n = 1 fthe result can be easily
proved.

Theorem 2: The determinants of a general tensor form an abelian group under multi-
plication.

Let det(4®%---%m) and det(B??:1---ony be two elements in set 5.
{1} Using theorem 1 we can show that

det{Aaluz“'a’“)det{Bb‘b""b“) = det(ABcl"'amb“”b“) e D

(ii) For all det(A49%), det(B%*y and det¢(C*»H in D, j=1,2, ....m; k=1,2,... . ,n:
I=1,2,....,p. Therefore

det (A%H) [det (B2k)det (C°H] = det(ABC%i*kcly - [det(A®i)det(B>*)] det(C?)

by thecrem 1.
(iii) There exists 1 in D such that

1.det(A%) = det(A3” — det(A®).1

We now show that 1 is in D. Let us define a tensor of mth rank E such that

E®183.-:9m - a, = 1,2,...,# are given by
E®3z---8m _ 4] if G = a; = ... = &,
= D otherwise -

We note that det{E£%/) = 1 and so 1 is in D.
(iv) For det(A®) in D, there exists det(4% ) in D, such that

det (A% det (A% "y = 1 = det{A% )det(4*n

For this very condition we need that det (A% £ 0. Therefore A% must be non-singular,
(v) Also we have
det (A% det(B¥%) = det(B%*1det(4%)

Therefore, all non-zero determinants of a general tensor form an abelian group under
matrix multiplicetion,
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