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ABSTRACT

If time is substituted in the equation of motion in the Heisenberg picture the results obtained may lead
to confusions if the equations are not interpreted correctly. Some examples are given.
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INTRODUCTION

The equation of motion forms a part of every quantum-mechanics course. However, little thought is given
to what happens if time is substituted in the equation of motion. Time rate of change of an operator brings out
some apparent paradoxes if one does not comprehend thoroughly the different pictures and the various steps
involved in obtaining the uncertainty relation (Robertson, 1929). In the following section these points are
illustrated.

STATEMENT OF THE PROBLEM

Consider the equation of motion for an operator represented by (2 as viewed in the Heisenberg picture
(Schiff, 1968)

d.QH aQH 27[
1 —H A oy.H
M dt ~ dt  ih [24.H]
The subscript H denotes that the operator is represented in the Heisenberg picture, i = V-1, whereas h

represents Planck's constant, H the hamiltonian operator, t the time and [ ] the commutator. Substituting t in
place of Q, this becomes
da ot 2
=+ 22 [t H]

) —=
dt dt ih
Since dt/dt and ot/ot are both equal to unity, one gets
3) [t.H]=0
. 0
On the other hand, if one tries to evaluate this commutator using ih a as the operator for H, the result is

h
@) EHFEE

This, however, can easily be shown to be incorrect. The operator conjugate to H does not exist. Pauli showed

h
this in the thirties. The essence of the argument is that if 3t such that [t, H ] =04 then the unitary operator
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exp(iat) would generate a continuous shift of energy. But that is inconsistent with H having a lowest eigen-
value. Moreover, Eg. (4) cannot be used to evaluate the uncertainty product of energy and time because ih%
is not an energy operator. Using the uncertainty relation for two operators (Robertson, 1929)

(5) AO;AO, > % <[0,,0,]>

(< [01,02]> represents average of the commutator) and Eq. (3) if one evaluates the uncertainty product of t
and E (the symbol E represents energy) one gets

(6) AtAE2%<[t,H]>

which seems to contradict the Heisenberg uncertainty relation AtAE ~ h (~means "of the order of").

These problems can be resolved if one looks closely at the equation of motion and the uncertainty relation
used.

A CLOSER LOOK

The contradiction apparent in Egs. (3) and (4) is resolved if one notes that the equation of motion is
obtained under the assumption that H is independent of time (Schiff, 1968). Since H is independent of time, it
must commute with t. Therefore, Eq. (3) is correct.

When H is independent of time, energy of the state does not change with time. Such a state is called a
stationary state. One might ask whether a stationary state violates the uncertainty principle AtAE ~ h. Since
energy of the state is known there is no uncertainty in the measurement of energy, i. e., AE = 0. However, to
make sure that the energy of the state does not change, one must make measurements for an infinite period of
time, i. e. from t = —co tot = +o00. Thus At = oo, and the uncertainty product again gives AtAE ~ h.

The question arises why (6) gives the result AtAE = 0. In fact, this conclusion can be drawn only if one
does not pay attention to the derivation of (5). Defining (Messiah, 1958)

—— .
AOizﬂOiz _Oi ,@zoi_oi yi=12
(bar over a variable represents average) one can immediately verify that

@) AQ; =AB; = \/O:l2

Assuming that the dynamical state of the system is represented by the ket |u> normalized to unity, and
applying the Schwarz inequality

®) (A0, (A0, ) = ‘< u‘@f‘u >H< u‘@zz‘u >‘ >|< 0,0, u>|

Separating the hermitian part from the anti-hermitian part in the expression for ®;0,, one gets

1 1 1 1
0,0, = E{@l’OZ}J"E[@l’@Z]: E{@l’gz}JFE[Ol’Oz]
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where {©;,0,} denotes anticommutator. Therefore, (8) becomes
1 1
© (40,)°(40, f > 2{61,0,} +[01.0,f
from which (5) follows. Using (3) in (9) one gets
AtAE 2%<IH >~h

Hence, there is no contradiction.

CONCLUSION

Time in the Heisenberg picture needs special discussion. Whenever the equation of motion is discussed
the role of time should be explained so that no confusion remains in the relation. Time in quantum theory
(especially relativistic quantum mechanics) is a parameter not an observable like 'x' or 'p". Discussions like
these could stimulate appropriate thinking and critical analysis of the problem (Kamal & Siddiqui, 1986).
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