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A Dimensionless Reciprocal Lattice

The concept of
reciprocal lattice and
related eigenfunctions
play a significant role
in the electron theory
of solids. Since the
reciprocal lattice
vectors have dimen-
sions of inverse of
length, the calculations
involving this repre-
sentation are depen-
dent on the cod6rdinate
system used. A
coordinate indepen-
dent representation
could be convenient
for comparison pur-
poses. A composition
lattice formed by taking
the cross product of
the direct lattice and
the reciprocal lattice
could be dimension-
less. In this paper, we
describe such a lattice
and obtain (angular)

momentum eigen-
functions similar to the
momentum eigen-

functions used in solid
state theory.

The cross eigen-
functions (belonging
to eigenstate of
angular momentum in
cross-lattice represen-
tation) are useful for
systems, which are
homogeneous but
anisotropic. Future
work in this direction
may involve construc-
tion of eigen-
functions, which are
both inhomogeneous
and anisotropic.
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ABSTRACT

The reciprocal lattice vectors widely used in solid state physcis have dimensions of
inverse of length and hence will be different in different systems of units. A modified
lattice, cross lattice, is defined in such a way that the cross lattice vectors are independent
of the coordinate system chosen. Angular momentum eigenfunctions for cross lattice
are also obtained. ' g

Introduction

The concept of reciprocal lattice (Kittel, 1976) and the related*eigenfunctions play
a significant role in the electron theory of solids. Since the reciprocal lattice has
dimensions of (lcngth)'l, the calculations involving this formulation are dependent on
the coordinate system used. A coordinate independent representation could be con-
venient for comparison purposes. A composition lattice formed from the unit vectors of
the direct lattice and the reciprocal lattice could be dimensionless. In this paper we
describe such a lattice and obtain the eigenfunetions similar to the momentum eignfunc-
ttons used in solid state theory.

The Reciprocal Lattice

Let ay, a2, a3, be the base vectors for ordinary latice. Any vector L may, thérefore,
be represented as (Kittel, 1976)

(1) L=Liack=123

where repeated indices denote summation according to Einstein convention. L1, L2 1.3
are the components of L along a1 a2, a3 respectively. The reciprocal lattice vectors for
a non-rectangular lattice may be constructéd if we take

) bx = exim (a1 X am)/ (2a1.a2x a3): 1,m;n = 1,2,3

where exim is the Levi-Civitasymbolwith the properties

exm = +1iflmn = 12, 3 respectively or any cyclic permutation
0 if any index is repeated g

-1 otherwise )
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Any reciprocal lattice vector may, thereforg, be written as
(3a,b) g = bk = (2r)nk b k = 1,2,3

where n, n2, n3 are integers. This condition is obtained by applying the periodicity
condition f(r + L) = f(r) on the Fourier transform of f(r). The reciprociil lattice vectors
satisfy the conditions

ai.bj = J;
where
dij = 1ifi=j
= 0 otherwise

A Dimensionless Lnttiee
Since the reciprocal lattice vectors have dimensions of (lcngt:h)'1 they will be
associated with a particular system of units. We need to construct a set of lattice vectors
which is independent of the coordinate system used. Let us take the cross product of the
direct lattice vectors and the reciprocal lattice vectors. The resulting vectors ci, ¢2 €3
termed as cross lattice vectors are given by (Kamal and Hussain, 1978)

(5a,b,0) c1 =a1xby,c2 = a2xbz,¢c3 = a3xbs
The cross lattice length can be written as E
(6a,b) D=Dxex = )k k = 1,23

Since L = Ly ax, g = gk bk we note that

(7a,b) DL =0Dg=0
and so
(8a,b) exp (iD.L) = 1, exp(iD.g) = 1

whatever may be the values of L and g.

Eigenfunctions

Inanalogy with the momentum eigenfunctions and Wannier functions (Wannier,
1937; Kohn, 1973), it is desirable to obtain the eigenfunctions of cross lattice also.
Supposing that the potential does not depend on the radial distance but it depends on
the direction i.e. the potential can be expressed in terms of angle 8. If @ is a vector from
the reference point to the point under consideration and proportional in magnitude to
the angle 6, the potential can be expressed as a function of s. Expandmg the Fourier
series we get
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(9 V(s) = ZV(Dn) exp (iDns)
Dn .

where V(Dy) is-a Fourier coefficient associated with a point in cross lattice and is given
by

(10)  V(Dn) = U [ V(s) exp (-1Dy )
unit cell

where U is the volume of the unit cell. The other periodic function is a Bloch-type
function.

(1)  up(s) = Y vD (Dp) exp (iDp.s)d s
Dp ,

where
(12) vp(Dy) = K'IJ up (s) exp (iDns) ds

unit cell
where k is the propagation number. For each value of D and each band there is a set of

numbers vp(Dn) one for vector of the cross lattice and a convenient form of denoting
them is WD -Dy). Therefore by multiplying (11) by exp(iD.S) we have the wavefunction
(13)  yn(s) = T ¥(D- Dn) exp [i(D + Da).§]

Since the wavefunctions exp(i(D + Dn).s] form an orthogonal set in unit cell, eq. (13)
may be inverted to give

(14)ﬂ v(D-Dyp) = ut j ’wD(s) exp [+ (D + D,.)\.s]ds

unit cell
The wavefunction y is normalized in the unit cell.

1= JWD‘(s)tpn(s)ds
unit cell
= S v*D-Dp)v(D-Dy) | exp[i(Dm - Dn).s]ds
J .

Dm,Dn unit-cell

ﬂTypos found in the calculations; corrected calculations appear on page 27
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=U 2 V*(D - Dn) V(D - Dm) o (Dm - Dn)
DH\’DH

Therefore the orthonormalization condition when y is normalized in the unit cell is given
by

(15) S v*(D-Dn)V(D-DPm) = U? & (Dm - Dn)
Dm,Dn

There is a similar condition for the eigenfunctions belonging to different bands &, /

(16) I Vi*(D-Dp)w(D-Dp) = U 8y
Dy

Therefore the square of the modulus of the cross eigenfunction multiplied by U gives
the probability that the electron in the state D has angular momentum (/2 7) (D - Dy).

Discussion

The band must be well separated so that there are nondiagonal matrix elements with
respect to the band index. Let us define a ntodified Brillouin zone to be a Wigner-Sietz
cell in cross lattice. I we let D take all values inside a modified Brillouin zone all the
coefficients vary and are functions of D, But because of the periodicity in the momentum
space, they all are in fact the same functions of D, only displaced one with respect to
other by vectors of the cross lattice.

Conclusion

The momentum eigenfunctions of the reciprocal lattice and the Wannier functions
are useful for systems which are isotropic but inhomogeneous, the cross eigenfunctions
(belonging to eigenstate of angalar momentum in cross lattice representation are useful
for systems which are homogeneous but anisotropic, Future work in this direction may
involve construction of eigenfunctions which are both inhomogeneous and anisotropic.
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Corrected calculations of eq. (14) appearing on pages 25 and 26:

1= [yp(s) yp(s)ds
unit cell

yp(s)= DZV(D— D) exp[i(D + Dpy) -]

m

w’.‘;(s)=D2v*<D— Dp) exp[-i(D + Dy) 5]

n

1= [yp(s) yp(s) ds= XV (D-Dp)v(D-Dp) [exp[i(Dpy - Dy).s]ds

unit cell Dn, Dy unit cell
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