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Physical Significance and Properties of
Relativistic-Effective-Mass Operator

The author introduced relativistic- -
effective-mass operator (REMO) ;
while discussing the possibility of
massive particles traveling with
the velocity of light. This concept
led to the modified expressions of
special theory of relativity. Also, a
very useful transformation for
changing any luxon equation to
the corresponding bradyon
equation was developed. It is
desirous to study the properties =
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——t also, discussed and a compa-
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rison for the cases of bradyon
and tachyon is made. In this
process, a unique derivation of
Dirac equation is given using the
concept of operators. This
derivation, also, leads to the
physical basis of different Dirac

- matrices. Equation of REMO is
é‘—_____ é_ o then derived using the same
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PHYSICAL SIGNIFICANCE AND PROPERTIES OF
RELATIVISTIC EFFECTIVE MASS OPERATOR

ARIF KAMAL
Department of Physws, Umversxty of Karachl, Karachl Pakistan

Abstract

The physical significance and properties of the relativistic offective

mass operator (REMO) are dicusesd. Relativistic effective mass

operator for tachyons is defined and m properties are compared
" with REMO for bradyons.

1. INTRODUCTION

The author.. 1ntroduced relatmstlc effective mass operator
(REMO) while discussing the possnblhty of massive particles
travelling with the velocity of light [1]. This conceptled to
the modified - expressions of special theory of relativity [2].
Also & 'very wuseful ‘transformation for changing any luxon
equation to the cotresponding bradyon equation was developed.

. It is desirous to study the properties of REMO and its physical
significance. REMO for tachyons is also discussed and a compari-
son for the cases of bradyon and tachyon is ntade.

2. REMO FOR BRADYONS

. * The equation relating the energy E and momentum p of a brad-
yon having proper mass m, can be written as

E? = p¥c? + m2ct @
Recalling that E = mc2, the above equation can bere arranged as

p=(m—myt . @)

From here we note that the bradyon -can also be considered as a
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luxon with mass (m2 — m 2)% We call this as relativistic effective "
mass. The following equation i§ satisﬂed by sm:h patticlves

253

where Ef = (ms —m 11!)1r c2 ,:g t.h,e ,re,lay istic effective energy; a
detailed dlscussmn has been glven m ref. [1].

Introducmg spm we can write the re]atwnstlc eﬁ'ectlve mass
operator (REMQ) as

Y
*

M= 3m +8&m, C)
where 3; and 8, are t:he matr.icl':_e;s séﬁiéfy_iﬁﬁ thc conditions

812=—822 ﬁl, 8132 + 8281 - 0- Ly

M = 8;m — 3;m, can also be taken as REMO with same conditions

imposed on 3j and 3,. “For spin } partldwp«alrhiaz, g, and io3,

o3 and ioy etc. can be taken as 8, and 82 where o $ are Pauh spln

matrices.

We now d:scuss some of the, p::op&r&les of REMQ. for: b;:adyons‘.
In deing so we shall .take a3 and; jop @5 8y and:3z..; In. this.case

8{*8, wi 1 amd.. 827;8. =1 and . s0 ¥s are unitary.; Further «8,1'-:8,

Herm:ttan. """
=

..«(#) Eigenvalues 3 The menvalues come pllt do: +(m3mm&]# iand
- (mz -m, 2) .

"' (i) Plane wave solutions :  The plane wave solutions of
M = @i'm + 3m)) §:where ="¢; ij-= 1,2 and -1

N
y; = ujexp (i/p) (p. 1 —Et) can be written [1] as

"l;i; = (in-l-'m,)ci (Ef:l.‘.‘ yi A:*.‘."-—'Efj: (m—me)—lG*'gA:E 3

hy =AL | o ®)
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(i) Probablhty density : Thq probabihty density is given by
1§13 = w*uy + u*uy = 2m(m—me)™1 | Ay |2 ©6)

*A‘pplyihg the wnkimé*n [t ‘-”-=l, we get

| A M-m.)% (2'"“ S M

:k""

(xv) Normahzed elgenvectors The normahzed elgenvectors are

[ 1 1) NP -
-,¢+=(2m)-*|('”+'"o> i emem? ] (m 4+m,)}
Lom = m)2) U=

(v) Expectation!wvatue :: For. thd ’ttolumon 5y the expectatxon
value comes out to expectatlon

iJ (8a,b)

<M>= 2M('n+mo)% (m—m)-}lA ; -(mé-_,,,ég)i )

The last step is obtained using eq. D

“(piy ' Caléulation ' ‘of udcertamntles * Using the relation of
Robertson [3]. - :

AAABZ3ILABI>| - (10)
we calculate the uncerammes of 8; and 82, 3; and M, 32 and M.

(@ ABWAR> }l <l8|.311> I -1l <[cn, iog]> |
" On usmg eq. (7), we get |

A 81 A 32 (2m) (m—m) 1, l 4 | 2= mg[m (1
l

Therefore for all’ b‘faﬂyons (m,==0) 3; ‘and 82 cannot be deter-

‘miied simultaneously.- :

'(b) A A M >} b, M> | =7 ' <[oy, oy mtle; m]> |
e T EE".'I<[0‘h"?2ml>‘l‘ & or

ASL A M >(2m2) (m=m)1 lA %Z-m;&/m RN (V)

Therefore for all bradyons (nio¢0), 81 and M’ cannot bc snmultan-
eously determined. *

(C) A 3 A MBS} | <8y, MI> = lioz, eymtiogmo]> |
== * l ([102, 01M]> l
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A3 AM > 2mmo) (m—mo)1 | Agl2=rmo 13)
or | ¥ ¢

As the mass m, becomes higher agd higher the uncertainity becomes
greater and greater. Note that M'= om — iom, which is another
form of REMO for bradyons.

REMO FOR TACHYONS

Feinberg [4] gave the relation for the energy and momentum of
tachyons(faster than light particles) - _
c?p? — B2 = m 2t (14)
where m, = im, is the proper mass which is imaginary. m, is given
the name ‘mets mas,’ {5). - If E=mc2, p=mv where

m=m, (l—vzlcﬁ)*‘} = im, (l-v2/'c2)-§ = m, (v3/c2- 1)4, we
can write eq (14) as

15
p=(m? + m.’)i ¢ 4

Both m and m, are real and so the relativistic effective mass
(m? + m.z)’} is also real. In this case also the particle satisfies

Ef? = c2p2 : (16)

where Ef -='(m2V + m.z)% c? as relativistic effective energy.

Introducing spin, we can write the relativistic effective mass
operator as ‘ '

M = pim + pym, \ (17)
where P12 = 1 = p,2, pip3 + Pap; = 0. For spin i particles we can
write M=om+om,; M=om- cym, (18a,b)

where o1 and o, are Pauli- matrices. We can also use oom + oym,,
oym + oym, etc. as relativistic effective mass operators. In the
following discussion we shall use the expression of REMO given
in eq. (18a). o '

Some of the properties of relative mass operator for tachyons
are given below, -
(i) Eigenvalues : The eigenvalues come out to be +(m’+m,.,’)i

and —(m? + m,z)‘} ,
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(ti) Plane wave solutions : The plane wave solutions of
My = (v1m+ oom,) ¢ where ¢ = [dg,], J=12 and ¢; = y;

'exp (i/i,) (p r— l-it) come out to be
o
“li._ ='(m‘"mnl-)"-jlz (E f:!: 1 Ei = ‘f4+ (m;f-’tm‘)'lc‘z Bi >
ugﬂ? = B, “ (19a, b)

(iii) Probability density : The probability density is

=¢‘|2=ul"u1+u2tu2=2:3t 2 | (20)
Applying the condition | ¢ |2 = 1 we get
B, | 1. ; ,

(iv) Normalized ecigenvectors: The normalized eigenvectors
corresponding to the positive and negative eigenvalues are

¢+ = @ mmayd ((m=+m.’)*
' L(m‘l"mt)

- (&)* (,..a+,,,,z)t [ (m2 + m.ﬂ)* ] (22a, b
' ) ' L "(m + zm..)

) Expecta,non value : For the solutnon (19) the expectation
value comes out to be expectatxon -

: v <M> = 2(m2 4 m,/!)} l B+ f - (m3+m.‘3)* (233, b)

The last step is written because of ¢q. (2!’)

(vi) Calculation of uncertainities : Usmg the relation of Robert-
son (eq. 10) we calculate the uncertainities of o; and.oj, 0y and
M Uland Mi CE e P

(@ A 01A¢zf>ii &[e1, Ga]>| PRI



-Therefore . . . .. ... . piy :
| S B N N S )
On using (19). This result showg that s and oy can be deter-
mi jged simultaneously for tachyons
B Asr AM21| <["l’ M]D | =3 | <o, a1 m+ o3 my]> |
Therefore - o '
AoIAM>0.r (25)

Hence there is no uncertainity in the determmatmn of M and o,
simultaneously. . - - 07 L :

(@D Aex A M:->4 | <lop M]> | =1{ | <oz, 01 m+o2 m,]> |
Therefore ‘

A AM>0 % Q)
Hence we conclude that there-is mo uncertainity in the determination
of M for tachyons. ‘

In the case ;of tachyqns MT = a; m + a;m.., = M and so M is
Hermitian. g

If we compare the results _obtained for bradyons and for
tachyons, we note that both posscss real etgenvalues ‘But as regards
uncertainities the results are . remarkably different. For bradyons,
uncertainities depend on m in all cases and become zero only when
~mot== 0. In the cascof tachyons, the uncertainities are independent
of m, and can be taken as zero. Further REMO for bradyons is not
Hermitian whereas"REMO for tachyons is Hermitian.

“PHYSICAL SIGNIFICANCE OF REMO

Dirac equation can be obtained using the concept of operators.

v In-this case ope is aise led to the physical .bagis of different Dirac

matrices [6]. If 7 is the time in stationary frame of reference, we
can write the rest mass energy.operator as

e o moe? = i (33 7)
Thercfom
moc® = i (9t[or) (ox/at) (alax) + 3 (0t/o7) (Byla‘) (alay)
+ if (3#/or) (3z/ar) (8fog) +)ik (orfer) (Blar)
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This can be written as o T
ib (0fot). = — (ax[at).ip (8[ox).~ (2ylay) in ABlay), »
— (22/38y 1% (§102) '+ (@+/4t) (dlowy ST

(0x/at), (ay/or). €az/ot) are-velocities ‘and twe: can write Cax! cay;.caz
for them. —i% (A/ox), —ik (9/3y)s iH(a/Dz) are momentum;operators

Dxs Pys Pz and i (9/a7) is moc2:: Alse (or/p8) is (le-.-,-wv?[cz*"} jand ; we
can write B for it. Therefore we are led to the Dirac equation.

He= capx + carpy + cazp; + Bm,e? L )

T o obtain the equatxon of REMO from physncal reasoning, we
start with the operator of rest mass energy, rm,c2

moc® = ih (3/67) = ih (@t/or) (/1) + ih (arfar) Gfor)
Since (3r/a7) = (dr/ot) (at/a-r) we can write v
~ % (afor) = (atfary i @loty — (atfor) Gor/at) i (a/or)
or using V instead of (3/9r) we can write

—ih V = (atfor) in (2/0r) — (a7[or) ik (3/or)

Now —ihV is the operator for momentum which can be written as Mc
(definition of relativistic effective mass operator), i3(9/ot) is the
energy me2, i# (9/07) is the rest energy moc?, c(9¢/or) can be taken
as 8, and c(d7/or) as 33, Therefore we obtain

Mc =38mec~ 82")00
or

M = 3ym — 8;m, (28)

If we represent c(dr/or) as —82 we can write M == Sm 4+ 8&m,. A
similar method gives the relativistic effective mass operator for
tachyons.
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