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L x L REPRESENTATION OF REVO (RELATIVISTIC EFFECTIVE MASS OPERATOR) FOR

*
32ADYONS

1-
LIAQUAT ALI, S. A. HUSAIN, SYED ARIF KAMAL and ZEYAD D. M. AL-KURDI

Depgrtment of Physics, University of Karachi
Karachi-32, Pakistan.

L x L representation of relativistic leffective mass operator
(S A. Kamal, J. Nat. Sci. lath. 20(1980)15) for bradyons
(particles travelling with speedsless than the speed of

light) is studied and the situations are considered where
this representation is needed.

1,2

The concept of relativistic effective mass ’
243

solving dynamical problems

has been very helpful in
+ 2 X 2 representation of relativistic

. dglty8
effective mass operator (REMO) has been described elsewhere o

6,7
+ In this
8

« 2Xx 2
representation is useful only in parity violating systems
paper a L x U representation of REMO and its pProperties are discussed
Such a representation would be useful for the D

- irac electron where we
have four states .

Consider a bradyon having energy E, momentum P and proper (rest) mass

mo.. We have
2 g2 -2y
(1) E = pc ¢ mo c
7 l
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Recalling that E = mc2, we can write
(2) mv:p:(m-m)cv

Tq. (2) shows that a bradyon of mass m moving with veilocity v can be
: . 2 S b
considered as a luxon of mass (n - mo‘?)2 moving with velocity c.

2 2.3 . _ 1,2
m,=(m =-mx )° is called 'relativistic effective mass' .
o .

Introducing spin we can write the relativistic effective mass

operator. as

(3) ¥ = Slm + Szmo

wh;are Sl and <o\2 are 4 x L matrices satisfying the conditions
2 . 2

(’4) Sl‘= l = ’82, SISZ t gzgl = 0

Let us choose the following representation for Sl and 82.

(3) C -G—l~°) & o2 ¢
1 "\o a ) 2 0 iG
1 2

sy Sl and Sz are Pauli matrices and O is a 2 x 2 null matrix. Othe

possible representations are
S 0‘2 0 g\ in’s 0
L.No sl 2 "\ o ig
o 0 3 ig, 0
6 0, (3 ), S
0 io’l

0 7.
ia“z 0
o io

(6a)

n
I

(6e) Sl = (0;3 :3), 82
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(%) 3, G_D ®, =
pl i - g 2 B 8
(102) ®; = \o o]’ 2
3
o 0
1 0 G‘i -
G, g
(112) Sl & 01) , %2
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g, ©
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Using gl and S\ given in eq. (5), the following results are obtaired:
2

(i) EBigenvalues: The eigenvalues come out to be

2

2
£ (m

2 1
2 t(m

-m )%,
(o]
(ii) Plane wave solutions: Plane wave solutions

energies can be written as

- m
o}

for positive and negative

(l?a,b) Wi = hy u2t = B,
. (12c,d). u3i = (m+ mo)cz(Eft)-lBI, uu = (m- mo)cz(Efi)-lAi
vhere

(13) Efi = + (m2 - moz)lc2



is the 'relativistic effective energy'.
(iii) Probability density: The probability density is .given by
2

(1k) \W‘ e ' n Enn i
. TRl 2 2 3 3 L Ak

Using eq. (12) we get

~

a9 W = m@+n) ey’ + @@ -a) )

5 ;

Applying the condition W\ 1, we get the values of \A ,) and {3\
3 . :

(162,Db) \&y = (1 + mo/m) 5 \Bi\ = 31 -z /n)

(iv) Expected value: Using the values of \A+\ and ]BA given above, the

expected value

: -1 -2 -1 2
LWy = 2§(m+mo) Ef“_'c \‘A‘t\ + an(m-mo) Efic \Bt\

can be written as

Wi

(a7 (> = @ -m)

= o}

10
(v) Calculation of uncertainitiest Using the relation of Robertson

(18) JUVS- B 8-

we calculate the uncertainities of S\l. and 92, Sl and M, 82 and M.
1 yAS A 2m( - 2 i -0 ) B
(192) Do Do, 2 2mmtr, 4] i
Using.eq. (16) we get

(19b) . Aglbsz > un/n



8
It can be shovmn that
@) ASAx mo/_\Sl AS ;
14 m C
(21) ‘ ./.\gall-u > qulA(o\ )
Therefore
(22) AD AL mo"’/m
(23) . AQZA\( > =

Therefore for 21l bradyons (mo £0), gl and Sz, S; and N, Sz and X
cannot be simultaneously determined.

Te note that ¥ = S;m & 92m° is not hermitizn. This is cme to the
fact that S 22 = =1 and hence the eigenvelues of S2 are t+i. Therefore 9 >
is not hermitian and hence M cannot be hemi;:ian. There have been attempts

to géneralize the Dirac equation to any spin . For such cases we have to

use 8 x 8 or even higher representation of REXO. The operater

M

gm{-Sm
1 20
can be put in the form

(2L) H

Spc-g\gmca
1 2%

:

2
where we wrote p in place of Mc and H in place of mc . This Hamiltonian
" can be compared with any standard Hamiltoniane

For spin % Tirac electrons, the Hemiltonian is

(25) HD = oL.Lplc % 0(2p2° 4 o(3p3c &+ Fmﬂc2



Therefore REMD can be written as

2
26 H = Mc = c(0p. +6p +406p +6p)
o T R R B o T ¢

where

| 0 T\
91 = glqcl = (I 0/

; it o ix) = = i = = -iK
(I is a 2 x 2 unit matrix), 62 = Slo(2 0(3, 93 S1°<3- =
G, - i0” (s]
8 = —i(SP ~ 9 ) = e
L & 2 0 o, ¥ da-
2 S
ph = imoc

Hf is the 'relat;‘.vistic effective Hamiltonian cperator' for Dirac
. electrons.

We have studled in detail L4 x L representation of g matrices given by
eq. (5). Other combinations of 8 natrices given by equations {6-11)
should also be studied to decide which representation is besf. suitable i‘or
a given range of velocity. The eigenvalues of L x L, REMO are -k-(zn -m )2
+(m - m ) « The positive value of relativistic effective mass is
associated with the ordinary particles. However, the physical significance

of negative value (recall that the particle is expressed as an equivalent

luxon) has still to be studied.
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